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Abstract In this article, we give an explicit calculation of the partial Fourier trans-
form of the fundamental solution to the [J;-heat equation on quadric submanifolds
M C C" x C™. As a consequence, we can also compute the heat kernel associated
with the weighted 3-equation in C" when the weight is given by exp(—¢(z,z) - 1)
where ¢ : C" x C" — C™ is a quadratic, sesquilinear form and A € R™. Our method
involves the representation theory of the Lie group M and the group Fourier trans-
form.
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1 Introduction

The purpose of this article is to present an explicit calculation of the Fourier trans-
form of the fundamental solution of the [J;-heat equation on quadric submanifolds
M c C" x C™. A quadric submanifold can be thought of as a generalization of the

Communicated by Steve Bell.
The second author is partially funded by NSF grant DMS-0855822.

A. Boggess ()

Department of Mathematics, Texas A&M University, Mailstop 3368, College Station, TX
77845-3368, USA

e-mail: boggess @math.tamu.edu

A. Raich
Department of Mathematics, 1 University of Arkansas, SCEN 327, Fayetteville, AR 72701, USA
e-mail: araich@uark.edu


mailto:araich@uark.edu
mailto:boggess@math.tamu.edu

The Op-Heat Equation on Quadric Manifolds 257

Heisenberg group—it is a Lie group with a known representation theory [13], and the
technique of using Hermite functions to compute the heat kernel, as done in [4, 12]
and elsewhere, can be extended to work in this situation as well.

A consequence of our fundamental solution computation is that we can explic-
itly compute the heat kernel associated with the weighted d-problem in C* when
the weight is given by exp(—¢(z, z) - A) where ¢ : C* x C" — C™ is a quadratic,
sesquilinear form and A € R™. This computation partially generalizes the results
in [4]. When m = 1 and the weight is given by exp(t P(z1, ..., 2,)) where T € R,
Py, ...,z20) = Z;f:] pj(z;), and p; are subharmonic, nonharmonic polynomials,
Raich [14—17] has estimated the heat kernel associated with the weighted 3-problem.
If, in addition, n = 1, the weighted d-problem and explicit construction of Bergman
and Szego6 kernels have been studied by a number of authors in different contexts,
e.g., [1, 6, 8-11]. We also note that quadric manifolds are related to H-type groups
on which Yang and Zhu have computed the heat kernel for the sub-Laplacian [20].
Additionally, although there is some overlap with the results by Calin et al. [5], their
method is based on Hamilton-Jacobi theory in the spirit of Beals et al. [2, 3] and they
only consider the case when ¢ is diagonal.

The remainder of the paper is organized as follows: in Sect. 2, we define our
terms and state our main results. Section 3 provides the necessary background from
representation theory. In Sects. 4 and 5, we apply the representation theory of M to
the heat kernels and prove the main results.

2 Quadric Submanifolds and the [1;-Heat Equation
2.1 Quadric Submanifolds

Let M be the quadric submanifold in C* x C™ defined by
M ={(z,w) eC" x C"; Imw = ¢(z, 2)}

where ¢ : C" x C" — C™ is a sesquilinear form (i.e., ¢(z,z') = ¢(z/, z)). For em-
phasis, we sometimes write My to denote the dependence of M on the quadratic
function ¢. Note that M_g is biholomorphic to My by the change of variables
(z, w) > (z, —w).

For A € R™, let

" (2,7 =¢(z,7) - A

where - is the ordinary dot product (without conjugation). Observe that ¢*(z, z') is a
sesquilinear scalar-valued form with an associated Hermitian matrix. Let v{‘, R vﬁ
be an orthonormal basis for C"* with

&M (V) vp) = 8k (A)

where (1) = u’; are the eigenvalues of the matrix associated with ¢*.



258 A. Boggess, A. Raich

2.2 Lie Group Structure

After projecting M C C" x C™ onto G = C" x R™, the Lie group structure of M is
isomorphic to the following group structure on G:

g8 =@, 0 )=+, 1+ +2Imep(z,7)).

Note that (0, 0) is the identity in this group structure and that the inverse of (z, t) is
(—z,—1).

The right invariant vector fields are given as follows: let g € G; if X is a vector
field, then we denote its value at g by X (g), an element of the tangent space of M at
g. Define R, : G — G by Ry(g') = g’g; then the right invariant vector fields, X (g),
are obtained by pushing forward the vectors in the tangent space at the origin via the
differential of the map R,. In particular, a vector field X is right invariant if and only
if X(g) = (Ry)+{X(0)}, where (R,) denotes the push forward operator. Let v be a
vector in C" 2 R*" which can be identified with the tangent space of M at the origin.
Let 9, be the real vector field given by the directional derivative in the direction of v.
Then the right invariant vector field at an arbitrary g = (z, w) € M corresponding to
v is given by

Xv(g) =0y +2Im¢(v,2) - Dy =9y —2Im¢(z,v) - Dy

where D; = (9, ..., 0s,), (see Sect. 1 in Peloso/Ricci [13]). Let Jv be the vector in
R?" which corresponds to iv in C"* (where i = +/—1). The CR structure on G is then
spanned by vectors of the form:

Zy(8) = (/) (Xy —iX ) = (1/2)(8y — i0yv) —i¢(z,v) - Dy

and
Zy(8) = (1/2)(Xy +iX ) = (1/2)(By +i87) +i¢(z, ) - Dy.
Also,
[Xy, Xyl =4Im@ V', v) - Dy, [Zv. Zy]=0
and

[7U77U/]=O’ [Zvafv/]zzi(b(vav/)'DT'

We often drop the g in the vector field notation. The vector field definition of the Levi
form of M is the map v — proj([Z,, Z,]), where proj stands for the projection onto
the totally real part of the tangent space of M at the origin (i.e., the #-axes). From the
above equation, the Levi form of M can be identified with the map v — ¢ (v, v), as
mentioned at the beginning of this section.

Recall that for any A € R™, the set of vectors vi\, e vﬁ is an orthonormal basis
which diagonalizes ¢*(z, z) = ¢ (z, z) - A. For A € R™, define the function v(1) by

v(h) = rank(qb)\).
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The function v()) satisfies 0 < v(L) <n and, as in [13],

{x eR" :v(L) = max v(L)}
reR™

is a Zariski-open set 2 C R™ that carries full measure, i.e., |[R™ \ Q| = 0. We identify
x with (x},...,x}) and y with (y},..., y;) We also write z = Z;f:l(x;‘ + iy?.)v;\.
for z =x +iy € C". Additionally, we let 7’ = (z)l‘, e, z‘))‘m), 7" = (zi‘(k)H, e zﬁ)
and similarly for x and y.

Since the right invariant vector fields corresponding to ¢ are equal to the left in-
variant vector fields corresponding to —¢ and M_y is biholomorphic to My, any
analysis involving right invariant vector fields yields corresponding information about
the left invariant vector fields and vice versa.

2.3 [, Calculations

Let vy, ..., v, be any orthonormal basis for C". Let X; = Xy, ¥j = Xy, and let
Z; =1/2)(X; —iY;)), 7j = (1/2)(X; +iY;) be the right invariant vector fields
defined above (which are also the left invariant vector fields for the group struc-
ture with ¢ replaced by —¢). Also let dz; and dz; be the dual basis. A (0, g)-form
can be expressed as ZKeI,, [0}e dzX where Iy ={K="(kt,....kg) : 1 < ky <---
< kg < n}. Proposition 2.1 in [13] states that

Dh< Y ok de) = Y Oik¢xdz"

Kel, K,LeZ,

where
Org =6k L+ Mg 1

with the sub-Laplacian on G

L=1/2)) (ZiZk+ ZiZi)
k=1

and

T kek[Zk, Zi1 - S relZi, Zyl) ifK=L,
Mrk =1 e(K, L)[Zs, Z] if[KNLl=q—1,
0 otherwise.

Here, (K, L) is (—1)? where d is the number of elements in K N L between the
unique element k € K — L and the unique element / € L — K. The above theorem
is stated and proved in [13] for the left invariant vector fields. If right invariant vec-
tor fields are used, then the above theorem provides a formula for [, associated
with M_g.
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For later, we record the diagonal part of L, i.e., Ly r. Using (1) with L = K and
the above formulas for Z;, we obtain

1 n n
Oip=—7A+ ZIm{Zd)(z, vk)BZk} Di = (¢ v) - Di) (G, vi) - Dr)

k=1 k=1

+i(2¢(vk,vk)-Dt—Zzp(vk,vk)-Dt) ©)

kel k&L

where A is the usual Laplacian in the z-coordinates. For example, in the classic case
of the Heisenberg group, ¢ (z, z) = |z|%, Zx = 0, — iZx 0, and [Jp, is a diagonal op-
erator (since [Zx, Z;] = 0 when k # 1). The above formula for [z 7 then gives the
coefficient of [J, acting on forms of the type ¢ (z)dz~.

2.4 The Op-Heat Equation and the Fourier Transform

The heat equation defined on (0, g)-forms on M is the initial value problem on s €
(0, 00) and (z,t) € M given by

% +Opp =0 in (0, 00) x M,
p(s=0,z,t) =60(z,t) on{s=0}x M.

Here, s is the time variable and ¢ € R™ is a spatial variable. Although we cannot find
a closed form for p(s, z, t), we can find the partial Fourier transform of p(s, z, ) in
the ¢-variables.

Given a variable 7 € R, the (partial) Fourier transform in f is given by

fo) = \/%_n / T £ () di.

R
If f is a function of several variables f(fi,...,f) and, for example, we take the
partial Fourier transform in #;, we use the notation f(7, %, ..., f).

As we will see below, to compute the partial Fourier transform of p(s, z,¢) =
ps(z, 1), it is enough to solve the (Fourier transform of the) [J; ; -heat equation
%1 0.p=0  in(0,00) x M, o

ps=0(z,1) =80(z,1) on{s=0} x M.

We start by computing the partial Fourier transform in ¢ of Uz, denoted Dﬁ Iz
We start with a reexamination of (2). By taking the partial Fourier transform in ¢ of
the formula for [y 7, the effect is to replace D; with iA. If we write z = ZZ:] Zk Uk,
then

Im [ > o vk)BZk} Cik=) ok, ve) inIm{zidy ) =Y iy Im{zd, )

k=1 k=1 k=1
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and
D (@G id) (PG ve) ix) =Y (ki i) - i4) Tk (v v) - i)
k=1 k=1
== ) al.
k=1

Consequently, (2) transforms to

1 . n n
O ==7A+2i ) ppIm{zeds}+ ) () el = (Z 1y — Zuz). )
k=1 k=1

keL kgL

We employ the following notation: for 1 < j < v(i), define e}(L) = e? =
sgn(,ujf), if j € L and ej? = —sgn(y,;f) ifjgL.

Our main result is the following.

Theorem 1 For any . € R™, the partial Fourier transform of the fundamental solu-
tion to the Ul 1 -heat equation satisfies the heat equation

g_fs’+DinA=0 in (0, 00) x C",
p(s=0,z, 1) = 2n)"™/280(z) on{s=0}xC"

and is given by

/): B 2n—v(A) (Zn)—(m/2+n) _\x”\zﬂy”lz
:O(S,X»ya )_ sn—v(A) $

A, A
v(A) 5 S€F G
2e Hj e*ﬂ? coth(u%s) (7 +7)

X gty
e sin! (suj)

Note that ,u? and coth(s ,u;Y) are real-valued and are odd in ,u;Y, so putting absolute
values around the M? would not change the result. Therefore, there is Gaussian decay

in (sz. + yjz.) for all j when A € R™. Theorem 1 generalizes the case of Theorem 1.2
in [4] where (in the notation given there) T € R and y =n — 2gq.

We now cast the heat equation in terms of a weighted d-problem in C”. Recall
that Z j= % + i¢(z,v) - D;. If we denote a superscript A for the partial Fourier
transform in ¢, then

— - 0 d
Zj Z; =——¢(z,vj) A= R A
0z Zj
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From the computation of Z j» the tangential Cauchy-Riemann operator 9y is defined
on (0, g)-forms on G by

n
Wf@= Y Y& Zfs@dz"
KeT,y j=1
JeZy

where

(=D if {j}UJ =K as sets and o is the sign of
Eéj = the permutation taking {j} U J to K,
0 otherwise.

This means that if g is a (0, g)-form in C" and we treat A as a parameter, then the
partial Fourier transform in ¢ of 3, denoted by 52 is given by

3,8(2) = P MG g)

where 3 is the usual Cauchy-Riemann operator on C". Since [J, = 9,0,, 4+ 9,0
where 3 is the L?-adjoint of 3, it follows that (I} = 3 (3,)* + (3,)*dy. Thus,
solving for the Dg—heat kernel also yields the heat kernel associated with the weighted
3-problem on C” with the weight e =%,

Corollary 1 For any ). € R™, the function
H(s,2,7) = Qr)"?ps(z — 7, h)e 2 mo@2)

satisfies the following: if
HHf}(s,z):[ H*(s,2,2) f }) dZ,
(Cﬂ

then H*{ f} solves the initial value problem for the weighted heat equation:

(s + ONHMf}=0 in (0, 00) x C",
H*{f}(s=0,2)= f(z) on{s=0}xC".

In particular, the component of H (s, z, %) on dz* for L € 1, is

Ziz—v(k) (271’)_" 132

H%(S,Z,Z) = We_ $

V() A St A

2e /T M/ e—M; COth(M;S)lzj'—Zj|2672i)vlm¢(z,2)
. )L M

i smh(suj)

Note that the formula for the heat kernel yields a standard Gaussian solution for

the Euclidean heat kernel in the zero eigenvalue directions. Also, the disappearance
of the (277)™"/? owes to the fact that 8o(z, 1) = (271) 7"/28)(2).
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3 Representation Theory
3.1 Irreducible Unitary Representations

Forz=x+iyeC", t,A € R", and n € C"~"W, define m; ,(x, y, 1) : L2(R"P) >
L2(Rv()»)) by

v(A) A A

(X, y, (M) (E) = ol 2R M) p =2 2 Y (Sj"‘xll')h(g +2x")

for h € L>(R"™) (so & € R"M). Note that if n =¢ +i¢, then Re(z” - ) =x" - ¢ +
y// c.

The map m, ,(x, y, t) is unitary on L2(R"W). Also, 7 is a representation for G,
which means that for each A € @, 7, ; is a group homomorphism from G to the
group of unitary operators on L>(R'™). Verifying that T,y 18 a representation and
that all irreducible representations (up to equivalence) are of the form r; ; is done
in [13]. The formula for ; ; is motivated by the Stone—von Neumann Theorem and
its corollaries. On the Heisenberg group, it is explicitly worked out in [7].

If X is a right invariant vector field, then X gets “transformed” via 7, , to an
operator on L2(R"W) denoted by T =dm; ,;(X). This means that

X{mrn(@)} =T om,(8) )

as operators on LZ(R"™). It is usually easy to identify T by seeing what happens at
g = 0 and using the right invariance of X to show that the above equation holds for
all g € G. To clarify, let R, (g") = g’g and recall that the vector field X at the point g
is given by X (g) = (Rg)«{X(0)}. If X{m; ,}(0) =T o m; ,(0), then we have
X{mrn}(8) = (Rg){X (O Hma ()}

=X (g =0){m.n(Re (g}

= X(g' =0){ms (&) n(g)} since 7 is a homomorphism

= {X(g' = 0)mr.n(8")} o myn(8)

=To nk,n(g)

where the last equation uses the relationship of X (g) and = at g =0.
A similar computation shows that if X € is left invariant, then

XY ) =mi (@) o T

as operators on L?*(R'®). Note that the order of T and 7).,y is reversed from (5).
We will not dwell on this point as we prefer the use of right invariant vector fields.
The relationship X{m; ,}(g) =T o my ,(g) is often expressed using the shorthand:
dm A (X ) =T.

From earlier, we have the right invariant vector fields

Xj:avjx_ —21m¢>(z,vj.).D,
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and

Yj =0, —2Ime (. ivy) - Dy =0, +2Red(z, v}) - Dy.

where J is the usual complex structure map on R?* = C”. In view of (5), we have
the following relations: for

28;3:.071,\ r;(g)’ 15]5‘)()\),
X; =1 w0
(@) !21-9 omin(g), v +1<j<n, ©
—2iptEjomn(g), 1<j<v(b),
Y; = J ’ 7
A n}(g) :zl’gj o1, 5(8), v(M)+1<j<n, )
O A7} () = idkoman(g), 1=<k=m (®)

as operators on L2(R"™). In the second equation, & ;j 1s thought of as a multiplication
operator on LER"W), ie., f(§) f(&)&;. Equations (6) and (7) are easily shown
to hold at the origin since X ;(0) = ij and Y;(0) = 9, i and the right invariance
forces these equations to hold at all g € G.

Now we compute the “transform” of [J; g in the coordinates (zf, e, 22). Note
that
_ —2uj\. if j=¢,
dmyglZj, Z¢] = e
0 if j #££.
This follows from (8) and the fact that the coordinates (z)l‘, e, zﬁ) were chosen to

diagonalize the form ¢ (z, ) - A. In view of (1) and (6)—(8), we have

®

—As+ P+ W22 - YN Ak i K =1L,
dﬂk,nDLKz{ exhi+, P8~ 2l

ifK #L.

We will also need to transform the adjoint of [z g which is defined as

/ DLK{f(z,t)}g(z,t)dxdydt=/ [z, t)D {g(z N}dxdydt
(z,1)eG (z,1)eG

(note: this is the “integration by parts” adjoint, not the L? adjoint, since there is no

conjugation). We have

A,m, LK _ adj
=dm ULk

oy’

A ) .
—Ac+ I+ DG )+ S gl it k=L, (o
0 if K#L
(just a sign change for the last term on the right). The subscript & on Q?”’LK indicates
that this is a differential operator in the & variable (instead of the group variable
g =(x,y,1)). Below, we assume L = K (otherwise the operator is zero) and that L,
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A, and n are fixed. We drop the superscript L L when its use is unambiguous. In view
of (1) and (6)—(8), we have

adj A,
Op 1m0y (@) = Q¢ " o1 () (11)
as operators on L?(R”*). We return to this key equation later.
3.2 Group Fourier Transform

For (z,1) € G, we express (z,1) = (x,y, 1) = (', ¥, x",y",t) = (x', y', 2", t). The
variable z” may be thought of as in C*~*®) or RZ*—v(),

For f : G — C, we define the group Fourier transform of f as the operator T;"" :
L2(R*®) > L2(R*™) where for h € L2 (R*™),

T?’"{h}(é) =f f @ Dz, 0)(h)(§) dx dydt

(z=x+iy,1)eG

_ / F(z )i 2RO ) 2 YU Wy &)
(z=x+iy,1)eG

x h(€ +2x")Ydxdydt.

As before, x;, y; are the coordinates for x, y € R" relative to the basis vf, e, vf;.
Note that

T;’”{h}(g) = () @rtm=v())/2
x / FOO 200 0 (€ +x7), <2, “M)h(E +2x) .
¥RV

We have written p* o (€ + x’) for (u} (&1 + x}), ...,Mﬁ(k)(%“v(;\) + xﬁ()\))). We can

also express T;*”{h} as

]
T} (h)(E)
— (27.[)(27!4’”171)()\,))/2
8 / Fonyalf Gy, 00 DNy 2 0 8, <2, —A)h(E +2x') ',
verv)
(12)

In the above notation, F,~ , ; indicates the Fourier transform in the (x", y,t) vari-
ables only, whereas F indicates the Fourier transform in all variables (except s).
In view of (11), we have

0y (T () (§)) = / f@ 0033 (2. ORE)ydx dy di
(z=x+iy,1)eG

- / 0Ll Gz D)z DRE) dx dydr. (13)
(z=x+iy,1)eG
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4 The Heat Equation
4.1 The Heat Equation on M

Our goal is to find a formula for the fundamental solution to the heat equation (3).
We know abstractly that p exists: Ly 1, is self-adjoint and nonnegative, so esHLL g
a well-defined, bounded linear operator on L?(G) with norm at most 1. It has an inte-
gral kernel by the Schwartz kernel theorem. For the computations performed here, it
suffices to assume that the p is smooth and in L? because an a posteriori computation
verifies that p is the unique fundamental solution to the [y 7 -heat equation.

Let us apply the group Fourier transform to p and recall that ps(z,t) = p(s, 2, t).
Define the operator U*"(s) : L>(R*®) > L>(R*®) by

UM (){h}(E) = T) " {h}(E) = / ps(z, Oy (z, DR(E) dzdt. (14

(z,1)eG

In view of (13) and the fact that p4(z, ¢) solves the heat equation, we have

Qé'"{U'\’”(S){h}(é)} = / Urrips(z, O} n(z, )h(E) dzdt

(z,1)eG
= —3s{/ 0s(z, )75 (2, t)h(E)dZdt}
(z,1)eG

= =0, {UM () {h} ()}
Also
U™ (s = 0){h}(§) = Ty "{h}(E) = h().

Therefore, we conclude that U*"(s) satisfies the following boundary value problem:
0y "MUM o)} = —3,(U(5)} and UMs=0)=1d (15)

where Id is the identity operator on L?(R”»). This is a Hermite equation similar to,
though more complicated than, the one we solved in the Heisenberg group case [4].
So, our approach is to proceed as follows: 1) explicitly solve this Hermite equation,
and then 2) recover the fundamental solution to the heat equation.

As to the second task, we let a € R"™ be an arbitrary vector, and then define
he(8) = Qm) " m2e=i8a Let

ut (s, a,€) = UM (s){ha } ().

The above definition needs explanation since h, & L2(RY™). For each fixed s > 0,
ps € L?(G) and we can approximate p; by pf e L' N L*(G) (e.g., by multiply-
ing ps with an appropriate test function). Then, as we see below, we can define
UP"(s)iha) (&) = Tp{;”{ha}(s) since in view of (12),
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U (5){ha}(€)
. 1
T Qr)rw2

L —v(h) " ) ,
x / Foryi{pd @, y, e FERIN G 2t 08, —2, —a)e EFa gy
x'eRv®)
i) ,
= F{p(x, y, e X 2 Y} (2a, 2> 0 &, =21, —h)eE 4
By the definition of the Fourier transform in L2,

SO .
]-"{p‘f(x, y, t)e_2’ 2y }(Za, 2ut o€, —2n, —A)e 5
SNV .
— f{ps (x,y, t)e_zl D)1 YN }(Za, 2t ok, =2, —n)e 5

in LZ(R”()‘)) as § — 0. Thus, u)"”(s, a, &) is well-defined. In the above computation,
we view 1 = (¢, ¢) € R2*=v®)_ Also, the motivation for the choice of i = hy, is that
it offers the “missing” exponential needed to relate the full Fourier transform of pj
with #*". Now it is just a matter of unraveling the equation

. —v(h) .
W5, a, €)= Flps(x, y, e 2 Zi=5 Y 2a, 2t 0 &, — 2, —A)e 5 (16)

for ps using the inverse Fourier transform.

Before we go on, let us remark that had we used left invariant vector fields rather
than right invariant ones, then the transformed operator, Qé’" would appear on the
right of the group transform. That is to say, we would be trying to solve the following
analogue of (15)

8S{Tlf‘s} = —T;; QQ” and T;‘S:O =1d

where Q;‘n is a Hermite type differential operator similar to Qé"”. Note the transform
operator T* is now intertwined with the differential operators (i.e., d; is on the left
side and Q;" is on the right). Since the inversion formula for the group transform
operator is complicated (see [13]), it would appear that using left invariant vector
fields makes it more difficult to unravel a formula for p.

4.2 Weighted Heat Equation

Our objective is to compute py(x’, ¥/, 7, ») by solving the weighted heat equation
obtained by taking the partial Fourier transform in the ¢ and (x”, y”)-variables. We
obtain the [T}’/'-heat equation

o~ A, P
asps(x/a y/a 77, )") = _DLgpS(x/a ylv na )")a
ps=0(x', ¥, 7, 1) = 2m)~m/2= v 5h (k' y').
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From (4), we have

1 V(L) V(L) v(A)

A,

DL§=_1A+—|n|2+2zZujlm{z,az,}+2|z,u]|2 Y b,
j=1 j=1 j=1

In the followmg Computation, we find a formula of p,(x’,y',7, ’):). Observe that
,uj_A —ut 5 and €; ejk.. (Note that vj_k = v?, SO we can continue to suppress

the A superscript on x; and y;.) We unravel (16) to obtain (with a, b € RY®)
~ SNVO) AL _igO)

Py Ry = e B (SR G 0 s, a, ) () (1)
where %" (s, a, b) = u_)"_%”(s a/2, b/(2u_)‘)) and b/(2u~") is the vector quan-
tity whose jth component is b/ (2,u ) As we shall see, the inverse Fourier trans-
form in the a and b variables Wlll be relatlvely simple (using Gaussian integrals). In
the next section, we use Hermite functions to solve for &i*" on the “transform” side.
Then we return to the above formula to compute ps(x’, y', 7, A).

5 Computing the Heat Kernels
In this section, we prove Theorem 1 and Corollary 1.

5.1 Hermite Functions

Our starting point is (15), which we restate as QQ’U{U)"”(S)} = —3,{U*"(s)} where

v(A) v(A)
A,
Q" =—As + P+ (g + Y el
j=1 j=1

We use Hermite functions to solve this equation. For a nonnegative integer ¢, define

-n*

A P e .y /)
2(/27-[1/4(“)1/2 dxi{e X }ex , x €R.

Ye(x) =

Each v, has unit L?-norm on the real line and satisfies the equation
— () + 22 () = 2L+ D (0);
see [19], (1.1.9). For A € R™ \ {0}, define
Vi €)= Ve, (51 eIV

Each 1/’13 (&;) has unit L%-norm on R and hence wz has unit L?-norm on R"® . An
easy calculatlon shows that

(=g, + WiENIWE, EDY = 24 + DY, (IS (18)
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For s > 0, we claim that U*"(s) : L2(R"W) > L2(R"W) as defined in (14) is
given by
21)()\) [e9) .
A _ _—sn| —[@¢;+D+e71n5ls pa
UR(5) = Q) Y Tt
j=1¢;=0

where PZ‘j is the L? projection of a smooth function of polynomial growth in the
variable &; onto the space spanned by wg‘j (¢;), and where ®'])(=Af is the tensor product

(so that the output of U*(s) is a function of £, ..., &v(».)). For shorthand, we write

E?,. (s) = e L@LHDFE NS

We then have U*"(s) = e~ ®j(=A]) ZZ;O E 2‘/_ (s)PZ‘/_ . Using the product rule, we
compute ‘ ‘

(U (s)}

5 v(A) 00 v(h) oo
CRTRLD S DITRA] =3 SEATED

=1 =0 k=1 £;=0
! / ket

v(A) oo
2
= —[PUM(s) + e Y TN —[Q2e + 1) + €11
Jj=1¢;=0

v(d) oo

—[QC+1)+€ b s i A A
xe ! Y Pfj®ZEfk(s)Pfk

k=1 £,=0
kit

v(d) oo
2
= —[nPUM"(s) + e NN (06, — () — €)1

j=1¢;=0

20+ 1)+er ]|k o

06_[( it )+5j]|ﬂj|spg)»j ® Z E?/((S)Pﬁ);(

k=1 £,=0
ket j

where the last equality uses (18). Since the differential operator on the right is inde-
pendent of £, we can factor it to the left of > ¢ to obtain

UM (5)} = — QL MUM(s)).

Since the Hermite functions, W\, form an orthonormal basis for LZ(R), U*"(s = 0)
is just the identity operator. Thus U”*"(s) solves (15).

As above, we apply U**"(s) to the function h, (&) = (2m) " m/2¢=1Ea (5 obtain
the fundamental solution py. We therefore obtain
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u (s, a, €) = UMM (s){hqy ()}
v(A) o0

= @m) e T Y B () P ge ),

Jj=1¢;=0

Since h, belongs to L®(R'®) and not in L?>(R"™), the above sum converges a
priori in the sense of tempered distributions (as opposed to L? convergence). Earlier,
we argued that we can obtain U*"(s){h,} via a standard approximation argument,
however, we will see below that the convergence is much stronger and the result is a
smooth function in s, a, &. Each projection term on the right is

P} (e = (/ Re—is,-afw,(|u§|1/2§,-)|u§|”4d§j)|u§|‘/“wj(|u§|‘/ze,»)
i€

§j
= m) "y, (aj /|51 Py, (128 )
= @m)" 2 (=), (aj 151 D), (1)
where the last equality uses a standard fact about Hermite functions that they equal

their Fourier transforms up to a factor of (—i)% . Substituting this expression on the
right into the definition of u*" (s, a, &), we obtain

u}u,n(s’ a, g) — (27_[)—)1—m/2+v(k)/2e—s|n|2

v(A) oo
x [T 20 EL ) (=) a /151 ), (10511 28).

j=1¢;=0
This function satisfies

ayu)”’"(s, a, S) = _Qé‘vn{uk,ﬂ(s’ a, 5)}7

ut(s =0,a,8) =ha(§) = Qm) " 2eTE,

-~

In view of (17), for computing py(x’, ¥, 7, 1), we need to compute
#(s,a,b) =u " (s,a/2, b))

where b/(2/47*) is the vector quantity whose jth component is b i/ (Z;L;)‘). From the

—A A

previous equality, and using that /L;A = —u;f, €7 =—€j,we have

5 v(A)
(s, a, b) = ()~ 3OO g5 He—(l—e;-)m;m

j=l1

oo

. e =20 s

X Y0 i e g 201 P, b i 2 e
;=0
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Let
: —bj|wj|'?
—=2|ukls aj ST
Sj:e J s O‘j:fv 127 (19)
1/2 A
201V 2
Then
- _ (1 e*)/
@75, @, b) = (27) "3 HIHAVOD) s B Z(—zs )P (a)e(B))-
j=1 £=0

Using Mehler’s formula ([19], Lemma 1.1.1) for Hermite functions, we obtain

v(X) R
- _ gl (1—€h)/2
PN, a,b) = ()~ M/ v0)/2=5 Y s, €/
j=1

215 o; ﬂ]

1+S

2
N (1+52)( )

/1455

The series for ii*" converges in C* on the unit disk in C, and therefore the series
for #*" converges in C™ for s > 0, justifying many previous computations (which
held a priori in the category of tempered distributions).

5.2 Finishing the Proof of Theorem 1

In view of (17), to determine ps(x’, y', 7, 5:), we must compute

fﬁb( 7127 1611?7 /(4/1« )""(s,a,b))(x’, ).

a

Using (19) and simplifying, we obtain

. v(d) g a
é'_l Zf:la’b’/@”/)ﬂ)“”(s,a,b)

2 v(A) ee;m?\s - ]
_ (Zn)_(m/z"'”)e_ST e*Aj("jJFb_/)/z*lBjajbj

j=1,/cosh(2|u}1s)
where

tanh(2%s) sinh2(|M;|s)
Sl T T 2pbeosh@ipdls)|

After an exercise in computing Gaussian integrals, we obtain
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V) A
]___’;{e_lzjzla,b,/w,-)ﬁx,n(s,a,b)}(x’,y’)

a

sz-xjyé
A<+B%
./+ J

_A;
J 2 2 .
———— (x5 +y%)+i
2 v(2) ee?‘l;ﬁ;ls eZ(A%-;—B%)( i)

— (27T)—(m/2+n)e—ST
=1 /cosh(zmﬂs) /A§ + 312.

After simplifying,

_—Aj:_M%A./B. Lzzpfy
2(A% + B}) AR A+ B2 7

sinh(s| )

\/cosh(2|u)}|s)\/A§ +B2= 2
i

The previous expression becomes
1y =i YN aibi /Gty ~oon .
F b(e e A A T (s,a,b))(x ,Y)

a

2 V) 5 €51 ls
= (2m) /2 s I ‘
j=1

A

|Mj|e*ﬂ?(Aj/Bj)(sz+y/2')+2iM;xj)’j

. A‘ .
sinh(s|u7])

In view of (17), the fundamental solution ps(x’, y', 7, ») to the weighted heat equa-

ity
tion is obtained by multiplying this expression by ]—[jgl) e~ 21H5%1Y] which cancels the

similar expression on the right side. We therefore obtain
Ay
R 2v(x)2ee,w,|s| 4|
os(x' Y A = (zn)—(m/2+n)e—s% l—[ : iLJ e—ﬂ?(A_,v/B_,')(sz.ﬂ—y]z-).
j1 sinh(s|uf)

Note that the rightmost exponent can be rewritten as

Al Qi A
I sinh@lpdls)

A 2., .2 2 2 A2 142
_Mj(Aj/Bj)(xj +y]‘) = 25inh2(|,u)fls) (xj +yj) =—H; COth(MjS)(xj +Yj)-
J
Consequently,
~ 21V Q) TOn/24m ey
IOS(-x7 ya)") = Sn_v()‘) s
V(W) A eruhls ) a _
T2 om0
. )\. *
Jp sinh(s i)

This completes the proof of Theorem 1 for A € €.
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5.3 The Proof of Corollary 1

In this subsection and the next, we show that the following kernel:

H*(s,2,2) = Qm)"?ps(z — 7, e HHMoG2)

znfv()») (27.[)711
TN

Ak
e v(L) Zeﬂ’“‘f'smﬁ

ok Ayl 512 . -
“ e = e ;choth(ujs)lz_, Zjl e—ZzA-Imd)(z,z) (20)

; P
Joy sinh(slph))
is the heat kernel for the weighted d-operator in C". Here, z = x +iy and 7 = X +i7.

Note that H is conjugate symmetric, i.e., H’(s,Z,z) = H*(s, z,Z). We will show
that the heat kernel has the following properties: if f € L?(C"), then

HM(f)(s.x, y) = /

R xR

) H*(s,x,y,% 3) f(%,5)dxdy
is the solution to the following boundary value problem for the heat equation:
@ +TH 1 =0,  H*f}s=0,x,y) = f(x, ).
5.4 Group Convolution and Twisted Convolution
To motivate the above formula, we consider the fundamental solution to the (full)

unweighted heat equation: ps(x, y, ). For a function fy € L>(C" x R™), and g =
(z,1) € C" x R™, define

H{fo}(s, &) = (ps *fo)(g)=[ps(g[§]_l)fo(§)d§ 21
4

where x is the group convolution and g[g]~! is the group multiplication of g by the
inverse of g. If X is a right invariant vector field, then

XH{fo}(s,g) = / (Xps) (8171 fo(8) dg.
8

Since [, is composed of right invariant vector fields and py satisfies the [Jj,-heat
equation, we therefore have

(95 4+ Up){H (fo)} =0.

In addition, the following initial condition holds:
H{fo)(s=0.g) = / peco(8IE1) fo(@)d3 = folg)
g

since pg—o(z, t) is the Dirac delta function centered at (z, t) = 0.
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Note that H*{ f}(s, x, y) = 2)™2>H{f}(s, x, y, »), which is the partial Fourier
transform in the ¢ variable of H{f}(s, x, y, t). We will now show the Fourier trans-
form in the ¢-variable transforms the group convolution to a “twisted convolution”,
which we now define. Suppose F and G are in L>(C"), and A € R™. Following Stein
[18], p. 552, we let

(F %, G)(z) = / F(z —2)G(Z)e 2+ Mo gz

zeC

The arguments in [18], p. 552, with (z, z) replaced by 2Im ¢ (z, Z), show the follow-
ing: if Fp, Go € LZ(C" x R™), then

(Fo % Go)(z, 1) = (2)™ 2 (Fo (-, ) %1 Go (-, 1)) (2).

Now suppose f € L2(C") is given and let fo(z,1) = 2m)"/2f(2)80(t), so that
fo(z,A) = f(2). With H 2 given as in (20), we can take the partial Fourier transform
in t of (21) and use the above relationship to obtain

H*(f)(s,2) = H*(s,2,%) f(?) dZ

zeCn

=[Pty = 5 RSG e I dx s
zeR" yeR"

= 1) (ps(-, %) % fol-, M) (2)
= (ps * fo)(z, )
= H(fo)(s, 2, A).

Since H (fp) satisfies the [,-heat equation, H (fo)(s, z,i) = H*(f)(s, z) satisfies
the weighted heat equation, i.e.,

0y + OD{H" ()} =0.
The initial condition H*(f)(s =0, z) = f(z) is also satisfied because

H*(f)(s =0,2) = H(fo)(s =0,z, %)
= fo(z, %)
= f(2).
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