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Abstract

Let p : C — R be a subharmonic, nonharmonic polynomial and 7 € R a parameter.
Define Z,, = % + T%, a closed, densely-defined operator on L*(C). If O,, = Z,, _:p
and [ﬁTp = ijpZTp, the goal of this thesis is to solve the heat equations: % +Upu = 0,
u(0,2) = f(2) and $* + O, = 0, a(0, 2) = f(2) on (0,00) x C. The solutions come
via the heat semigroups e—*9» and e‘SEW, and we show that u(s, z) = e U [f](2) =
Jo Hrp(s, z,w) f(w) dw and (s, z) = e_SETP[f](z) = Jc H.p(s, z,w) f(w) dw. We prove
that H,,, H,, are C* off the diagonal {(s, z,w) : s = 0 and z = w} and that H,, and its
derivatives have exponential decay. We develop classes of one-parameter families (OPF)
of operators on C°(C) which are instrumental in proving both the regularity of H,,
and ]:ITp and the decay of H.,. We prove that an order 0 OPF operator extends to a
bounded operator from L9(C) to itself, 1 < ¢ < oo, with a bound that depends on ¢
and the degree of p but not on 7 or the coefficients of p. Last, we show that there is
a one-to-one correspondence given by the partial Fourier transform in 7 between OPF

operators of order m < 2 and nonisotropic smoothing (NIS) operators of order m < 2

on polynomial model domains in C2.
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Chapter 1

Introduction

1.1 Introduction

Let p : C — R be a subharmonic, nonharmonic polynomial. If z = x; + izy and

o _1(_0o 0 >
2=1 (8—551 + Za_xz)’ define Z, to be the operator

BE
- o Op
Zy,=—+ —
Pz T
and let Z, = —(Z,)* = £ — % be the negative of the formal L2-adjoint of Z,. If
we let O, = —Z,Z, and Iﬁp = —Z,Z,, then the research in this thesis is focused on
understanding the heat equations:
)
0
a_u +0u=0
N (1.1)
u(0.2) = £(2)
and )
o ~
o+ Oy =0
y (1.2)
(0. 2) = J(2).

Our goal is show that the solutions u and @ of (1.1) and (1.2), respectively, can be

realized as integrals against distributional kernels. Specifically, we want a solution of



(1.1) of the form:
u(s, z) = /CH(s,z,w)f(w) dw

and a solution of (1.2) of the form:

u(s, z) :/Cﬁ(s,z,w)f(w) dw.

We are interested in showing that H and H are smooth (on an appropriate region) and
establishing pointwise estimates for the kernels.

The operators Z, and Z, arise is two natural ways. One is through the study of Oy on
a class of weakly pseudoconvex domains of finite type called polynomial model domains,
and the other is through the study of the weighted J-equation in C. In both cases, Z,
occurs during an investigation of the d-problem on domains 2 C C*, which is where we

begin our discussion.

1.2 OJ-equation on )

Let €2 C C™ be an open set. Given a function u : 2 — C, the Cauchy-Riemann operator
0 acting on u is defined by
n
- ou
ou = —dz;.
Z 0z;
7j=1
In complex analysis, an important problem analysis is to solve the inhomogeneous
Cauchy-Riemann equations on Q. This means given f(z) = >°7_ a;(2)dz;, finding
a function v so that Ou = f. This is a difficult problem because the system is over-

determined, i.e. there are more equations than unknowns. One requirement to solve

Ou = f is the compatability condition f = 0 where 0f = Z?zl daj(z) A dz;. In



general, when trying to solve any partial differential equation or system of partial dif-
ferential equations, it is important to determine existence and uniqueness of solutions.
On €, there exist functions h so that Oh = 0. Such function are called holomorphic,
and the study of holomorphic functions is a major focus of complex analysis. The ex-
istence of holomorphic functions means that there is no uniqueness for the d-problem,
Ou = g. However, this does not mean that there is no hope of solving the d-problem on
). One must ask a question which, if there is an answer, guarantees uniqueness. One
possibility is to find the L?-minimizing solution, and this is the approach many authors
take. The goal becomes not just solving a particular PDE but solving with “estimates”.
This means understanding the mapping properties of solutions, i.e. understanding the
smoothness or size of the solution relative to the size of the data or initial condition.

There are a number of classes of domains on which the d-problem is studied, and
the class on which we work is the class of is pseudoconvex domains. One reason pseu-
doconvex domains are studied is that if € is pseudoconvex, there exists a holomor-
phic function on 2 which cannot be holomorphically extended to a larger domain. In
a sense, pseudoconvex domains form the maximal domains in C® on which holomor-
phic functions are defined. Kohn and Hormander pioneered the early work on the
O-problem [Koh61, Koh63, Koh64, Hér65], and Hormander’s methods on pseudocon-
vex domains, now classical in the subject, rely on proving estimates in weighted L2-
spaces [Hor90, Kra01]. This motivates studying the O-problem on the weighted space
L*(C,e?p).



1.3 0 on Weighted L? Spaces in C

Let p be subharmonic but not harmonic. On C, du = % dz. Since there is only one
term in the sum, we identify Ou with % and omit the dz. When €2 C C is bounded,

Hormander shows that there is a solution u to
ou=f (1.3)
in L?(Q, e~?") satisfying the estimate:

/ lu|?e™? dz < (diam Q)Q/ |flPe % dz.
Q Q

If diam Q < 1, Fornzess and Sibony [FS91] generalize this estimate to L4, 1 < g < 2, and

prove that (1.3) has a solution satisfying:

(/ |u|e~?P dz) ' < © (/ | fl9e™% dz) "
Q p—1\Ja

They also show that the estimate fails if ¢ > 2. Berndtsson [Ber92] builds on the work
of Fornaess and Sibony by showing an Li-L! result. He shows that if diamQ < 1 and

1 < ¢ < 2, then (1.3) has a solution so that

(/Q(ym ep)qdz) < cp/Q|f\esz.

Berndtsson also proves a weighted L*°-L4 estimate when ¢ > 2, but the estimate is more
complicated to write down.

In [Chr91a], Christ recognizes that it is possible to study the d-problem in L?(C,e~2P)
by working with a related operator in the unweighted space L?(C). If 0t = f and both
i = ePu and f = ePf are in L*(C,e ), then

d(ePu)

0
_ P - Y p,
EE =elf=ce 55 U f



However, e ?ZePu = Z,u, so the 0-problem on L*(C,e ?) is equivalent to the Z,-
problem, Z,u = f, on L?(C). Christ solves the Z,-equation Z,u = f. In L*(C), the
null space of Z, is large, so Christ finds the the L?-minimizing solution. Christ proves
that G, = O, is a well-defined, bounded, linear operator on L*(C). R, = Z,G, is
the relative fundamental solution of Zp, i.e. the operator R, satisfies Zpr =(I-95,)f
where S,, is the projection of L?(C) onto the ker Z,. It is also the L?>-minimizing solution
since Range(Z,) = (ker Z,)*. He shows that G, and R, can be realized as fractional

integral operators with kernels G,(z,w) and R,(z, w) respectively. This means that

and

where G(z, w) and R,(z,w) are distributions with integrable singularities on {z = w}.
Christ obtains pointwise upper bounds on both the blow up of the singularities on the
diagonal {z = w} and the decay at infinity. A difficulty in analyzing [J, is that it is hard
to solve O,u = f directly. Instead, Christ establishes good local L? decay estimates for
solutions and proves a local L>-L? type bound on local solutions of L,u = 0. Specifically,
for the local L>-L? type bound, he shows that if O,u = 0 on D = D(zp,), then there
extists N, C'so that [[u]| () +7]| Zyull = (o) < C(1+(D)™ (¢~ ull )+ Zytll 22)
where dv = Apdz.

In [Ber96], Berndtsson also solves Zpu = f for p subharmonic, but Berndtsson solves
the problem on L*(2) where Q C C is a smoothly bounded domain. Like Christ, he

expresses his L2-minimizing solution via a fractional integral operator, though unlike



Christ, his analysis is derived through functional analysis and a careful study of Kato’s
inequality:

Alal > Bplal - 4|T,a

for « € C*(Q). If R} is the relative fundamental solution for Z, on € with kernel
RY(z,¢), and R{ is the relative fundamental solution for & (in L*(C)) with kernel
R (z,¢), Berndtsson proves

|7y (2,0)] < [Rg'(2,0)]

for z € 0€2. He also shows if p and p are subharmonic, 2 = {2z : p(2) < 0}, and |%| # 0

on 99, then if |f| < (—p)Ap and u(z) = R}[f](z),

on 0f).

1.4 Pseudoconvex Domains and 0,

Now that we have established the connection between the weighted d-equation in C and
the operators Z, and Z,, we now turn to the study of pseudoconvex domains and the
Op-problem, and their connection with the operators Zp and Z,.

A defining function p for Q is a function p : C* — Q so that Q@ = {z € C" :
p(z) < 0and Vp # 0 when p = 0}. We say that 9Q is CF if p is C* on a neigh-
borhood of 9. When 9Q is C?, we can write down a geometric condition on O
to describe pseudoconvexity. Given z € 052, the real tangent space at z is T,(09) =
{€ = (21,...,m9,) € R : £.Vp = 0}. We identify R*" = C" with the identi-

fication & = (z1 + iTpy1,. .-, Ty + i22,) = (&1,...,&). Under this identification, if



iz%(i—i 9 _),then
n+j

¢- Vp—0<:>Re<Za§ ):0,

and it follows that the mazimal complex tangent space at z is

TE(0Q) = {ge@” Z&S] o}.

9%p
02;0Z '

The complex Hession of p, ( ), is called the Levi form of p, and pseudoconvexity
is equivalent to the nonnegativity of the Levi form on TC(952). One comment about
“the” Levi form is that different defining functions for Q will give different Levi forms.
However, the signs of the eigenvalues of the Levi form are invariant under biholomorphic
changes of coordinates.

One reason having a characterization of pseudoconvexity directly in terms the bound-
ary data is desirable is that the geometry of the boundary determines whether or not
holomorphic functions extend to the boundary and in what sense they extend. We know
there exist holomorphic functions on €2 which do not extend holomorphically across 02,
but it may be possible to extend the function to a space of distributions or a func-
tion space defined on 0f2. 92 is a submanifold of C™ of real codimension 1. A related
problem to studying the extension of holomorphic functions to 0f2 is to take a smooth
submanifold M C C" and study the equations that holomorphic functions must satisfy
when restricted to M. Phrased differently, if we are given a function on M, we would
like to know if that function can be the restriction of a holomorphic function. When
n > 2, these questions are naturally answered in the language of complex vector fields.

It is standard in the subject to identify the vector (ay, ..., as,) € R*" with the vector

Zjil aj% =a-V. Let U C R?" be an open set, and if z € U, let T,U be the space
J



of tangent vectors at U. We define the tangent bundle of U as T(U) = U, T=(U)
and a vector field on U as a map X : U — T(U) defined by X = Z?Zl aj(z)%j where
a; € C*(U) and R-valued. For our purposes, we would like to allow a;(2) to be C-valued,
so we define the complexified tangent bundle of U by T(U) ® C. A complex vector field
isamap X : U — T(U) ® C where X = 2321 aj(z)% and a; € C*(U) are C-valued.
For the rest of the exposition, we will assume that all vector fields are complex vector

fields. A vector field X which satisfies Xp = 0 is called a tangential vector field. The

name tangential follows from the equivalence Xp = 0 if and only if X | Vp. Earlier, we

discussed the complex structure on C", and if we let 6% = % (6%]_ + 8% ) then there

is the decomposition T(U) @ C = THOU @ TOVU | where

T — {LGT(M)@)CiL:Zaj(Z)%}’
i

and

T(Oyl)U:T(l,O)U:{EeT( )®C: L= Zb BE }
Zj

Note that holomorphic functions on U are exactly the functions annihilated by vector
fields of the form L = > i bj(z)%. Such vector fields are called antiholomorphic vector
fields.

To apply a vector field X defined on €2 to a function g on M, we extend ¢ to G on
2 and define Xg = X G‘ - One obvious problem with this idea is that it is not clear
whether X g is well-defined. It turns out that Xg is well-defined if and only if Xp = 0.
We can now answer questions posed about holomorphic functions on M. The linearly
independent set {8%1, T } generates the module of antiholomorphic vector fields on

Q over C*(€2). We denote the dual of the tangent vector 5= by the (0, 1)-form dz;. A



(0, 1)-form is a differential form of the form a =37 | a;(2) dz; where a; € C*(2). We
know the condition Lp = 0 is necessary to define Lg, so locally there is a family of (n—1)
linearly independent antiholomorphic tangential vector fields Z_}j, 1<j53<n-1. For
z€ M, {Li(2),..., L, 1(2)} forms a basis of the tangential antiholomorphic vector fields
in TC(M), and let {dw;(2),...,dw, 1(2)} be the dual basis of (0, 1)-forms. Analogously
to the O-operator on (2, we define the boundary Cauchy-Riemann operator 9, on the
function g defined on M as 1
0y =Y Lylg] div;.
j=1
If O,g = 0 and  satisfies suitable hypotheses, we can extend g holomorphically to €.
We are interested in questions on M = 9Q C C? related to the 0,-problem, 9,9 = f,
when € is pseudoconvex. The geometry of M plays a vital role in the tractibility of
solving the J,-problem. We can understand the geometry of M by understanding the

p and its Levi form. TS(M) = {(uy,uy) € C? : g—zplul + g—zf;m = 0}, a one complex
dp  Op

3=+ 3-). Thus, if A\, u € C are nonzero, then

dimensional space with basis vector (—

p 0 op  9p : . .
M=3Z2, 32) and p(—3Z, 32) are arbitrary nonzero vectors in 7,7 (M), and the Levi

form at z is written

Pp(z) Pp(2)\ [ 9p(2)
0zp Oz Pp(z)  p(2) 9p(2)
822851 822822 621

If L(z) > 0, the Levi form at z is positive definite, and we say that the Levi form is strictly
pseudoconver at z. If L(z) = 0, then the Levi form is nonnegative at z, and we say that
the Levi form is weakly pseudoconvexr at z. At z, if m is the lowest order derivative of
L that is nonzero, then z is a point of type m. If M has points of type m and lower, M

is said to be of finite type. In C2, there has been progress on the 0, problem when € is
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bounded and strictly pseudoconvex. In particular, there has been analysis both of the
Szegd projection S : L*(M) — ker 9, and of the relative fundamental solution R of 0y,
i.e. the operator R satisfies ,Rf = (I — S)f. Similarly to Christ’s analysis of Z,, 0y is
analyzed via the operator [, = —5; 0, which has relative fundamental solution G. To
discuss the C? results, it is helpful to introduce a class of operators called nonisotropic
smoothing (NIS) operators defined in [NRSW89]. Given a manifold N C R", an NIS

operator T" acting on functions ¢ € C2°(N) can be written as

Tlg)(a) = /N K (., B)o(5) B

for some distributional kernel K («, 3) that is smooth off of the diagonal a = 3. Also, the
behavior of T"is governed by a size condition on K and a cancellation condition governing
the size of ||T'[¢]|| L. The final condition is one that makes NIS operators into an algebra.
NIS operators can be viewed as analogs to Calderon-Zygmund operators where the size
is governed by a metric defined by the tangential vectors fields instead of the Euclidean
distance. The results about S, R, and G can be summarized as follows: S, R, and G are
NIS operators of orders 0, 1, and 2, respectively. These results are the culmination of the
work of many authors, including Christ [Chr88b, Chr88a, Chr91b, Chr91lal, Fefferman
and Kohn [FK88a, FK88b|, Kohn [Koh72, Koh85], McNeal [McN89], and Nagel, Rosay,
Stein, and Wainger [NRSW89|, See Christ[Chr91c] for a helpful exposition regarding
timeline of the papers and concise statements of the results. See Fefferman [Fef95]
for a discussion of the logic behind the arguments. There has also been progress for a
class of unbounded weakly pseudoconvex domains of finite type called polynomial model

domains [NRSW89]. These are domains of the form

M = {(21,22) € C*: Tm 2, = p(z1)}.
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where p is a subharmonic, nonharmonic polynomial. We now restrict our attention to
these domains.
Our focus is on questions related to the d,-problem on polynomial model domains in

C2. Observe that M = C x R under the isomorphism
(Zla 22> = (Z7 1+ Zp(Z)) = (Za t)

On hypersurfaces in C?, the module of tangential, antiholomorphic vector fields over C*

is spanned by one element. On M, we can take

Because there is only one term, we suppress the dw term and identify 0, with the vector

field L. We write write

Under the isomorphism, 0y, defined on M, becomes the vector field (still called L by an
abuse of notation)
-0 dp 0
L=——i——
0z '0z 0t
defined on C x R. There are a number of approaches that one can take to study the
L-problem. One is to observe that L is translation invariant in ¢, and this suggests that

we take a partial Fourier transform in ¢. If f(z,¢) is a suitably nice function on C x R,

the partial Fourier transform of f is

F(z,7)= /Re_mf(z, t) dt.

Under the partial Fourier transform, the vector field L becomes ZTp = % + T%, which

we regard as a one-parameter family of differential operators on C indexed by 7. As
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discussed earlier, there is a strong connection between the operators ZT,, and the O-
equation on weighted L?-spaces in C. Thus, questions about the 0y-complex on M are

intimately connected with the d-equation on weighted L?-spaces on C.

1.5 0U.-Heat Equations and OPF Operators

Like Christ, we are interested in inverting [1.,. To study [, Christ’s methods are not

the only ones available. For a different approach to invert ;,, we can look at the heat

s

semigroup e*U» and integrate out s. Formally, u = e~*"»[f] solves the heat equation

% +0pu=0
(1.4)
u(0,2) = f(2)
and inverts [, since
/00 e~ ds = O, (1.5)
0

Nagel and Stein [NS01] investigate the heat semigroup e~*~» on M. Their goal is to
use estimates on the heat semigroup on M = C xR to understand [J, in a product setting
[NS04]. Nagel and Stein use the spectral theorem to define e ~*™ as a distributional kernel
and prove that it is a contraction on L?(C x R). Next, they use the Riesz Representation
Theorem to justify writing

e fll@) = [ H(s,a,0)f(8)dS,
CxR
where H is a distributional kernel with a nonintegrable singularity when s = 0 and p = q.
They then show the heat kernel H(s, «, 3) and its derivatives are actually smooth off of

the diagonal and obtain estimates on H (s, «, ) and its derivatives. It turns out that an
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analog to (1.5) cannot hold because ker (0, # {0}, but a substitute formula works; if S

is the Szego projection, i.e. the projection of L?*(M) onto ker [(J,, then
/‘es%U—Sﬁk:Dﬁ
0

where Db_l stands for the L2-minimizing inverse operator.

In their argument to prove smoothness, NIS operators play an instrumental role.
The spectral theorem gives control of certain derivatives but not all derivatives. Here,
derivative means the operator L or L*. Roughly speaking, if o is a multiindex and Y
is a product of |a| operators of the form Y = L or L*, then results from NIS operator

theory allows Nagel and Stein to write

1]

Yo = AO? (1.6)

lo

where A is an NIS operator that is well controlled. Switching from Y* to AJ,* is anal-
ogous to using the Riesz transform to switch from arbitrary derivatives to powers of the
Laplacian. This is an extremely usefal fact because the spectral theorem contains the
estimate ||l z2cxry S 57|¢ll L2(cxr), and (1.6) allows the estimate to be extended
to || Yol r2cxry S s"a‘/zngHLz(CXR). The size estimate that Nagel and Stein prove is
shown using a scaling argument. The structure of [J, allows a reduction from finding
pointwise estimates of H (s, a, 3) at arbitrary points « and [ from an arbitrary polyno-
mial model domain to finding pointwise estimates of kernels H (s, 0, 3) where 5 and s
are a unit distance from 0, and the polynomial which defines M is from a compact set
of normalized polynomials.

A motivation for this thesis is an attempt to solve the problem of Christ, i.e. in-
vert J,, and find pointwise estimates on G,,(z,() and its derivatives, using the heat

s

semigroup e~ -7 method motivated by Nagel and Stein. In addition, understanding
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the heat equation (1.4) is an interesting question in its own right. There are a number
of obstructions to using the techniques of Nagel and Stein in this setting. First, there
is no analog to NIS operators, so we define classes of one-parameter families (OPF) of
operators to play an analogous role to NIS operators. Second, due to the partial Fourier
transform, it appears that we cannot scale in the transformed variable. Losing the abil-
ity to scale in any variable dooms the scaling argument of Nagel and Stein. We find
other techniques which allow us to bound the heat kernel and its derivatives with better
decay than the scaling argument would have given.

To define the OPF operators, the operators of Christ form the starting point. We
define classes of OPF operators that act on C:°(C) based on the operatrs G, and R,,.
Similarly to both [NRSW89] and [NSO01], we spend considerable effort exploring the
properties of our new class of operators. Since OPF operators were to be analogs of
NIS operators on polynomial model domains, we knew that OPF operators as a class
would have useful properties that individual operators would not. Indeed, the class of
OPF operators is closed under translation, rotation, dilation, and composition. This
enables us to use a scaling argument to help prove the decay of the heat kernel. As with
NIS operators, another useful property of the OPF operators is if « is a multiindex and
Y = Z,, or Z,,, then, roughly speaking, we can write Y* = ATD% where A, is a well
controlled OPF operator.

To motivate the definition of an OPF operator, it is important to recall that OPF
operators were designed to be analogs of NIS operators. In fact, one of the original mo-
tivations for defining OPF operators was to study how an NIS operator on a polynomial
model domain in C? behaves under a partial Fourier transform.

Qualitatively, a partial Fourier transform on an NIS operator will not change the
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fact that there is an integral kernel, size conditions, and cancellation conditions. Any
reasonable definition of an OPF operator will have to have a size and cancellation condi-
tion and an integral kernel. Specifically, given a subharmonic, nonharmonic polynomial

p, a one-parameter family of operators T, of order m < 2 acts on ¢ € C°(C) by

T, [6() = / K, (2, w)p(w) duw

where K is a distributional kernel that is C*° away from the diagonal {z = w} x{7 = 0}.
If (Y;,)” is a product of Z,, and Z,, of length |J| = ¢, there exists a constant Cyj, so

that there is the size condition

If m=2and |w— z| SM(Z,%%

e ) < Clog (2252).

|w — 2|

Also, if ¢ € C°(D(zp,6)), we have the cancellation condition:

6m—€
[C(KP)JKT(z,w)@(w) dw‘ < Cf,n,km sup Y 6 |(Xo,) p(w)].

vl <N,

sup
zeC

A(z,8) and p(z,0) are geometric objects from the Carnot-Carathéodory geometry de-
veloped by Nagel, Stein, and Wainger [NSW85, Nag86]. The functions also arise in
studying magnetic Schrédinger operators with electric potentials [She96, She99, Kur00].

The size and cancellation conditions form the heart of the definition. They allow us

to prove:
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Theorem 1.1. If T is an OPF operator of order 0, then T, T'* are bounded operators

from L1(C) to LY(C), 1 < q < oo, with a constant independent of T but depending on q.

Also, the classes of OPF operators fufill the promise of being an analog to NIS
operators. They are actually a tool with which NIS operators can be studied. We have

the theorem:

Theorem 1.2. Given a subharmonic, nonharmonic polynomial p : C — R, there is a
one-to-one correspondence between OPF operators of order m < 2 with respect to p and
NIS operators of order m < 2 on the polynomial model domain M, = {(z1, 29) € C? :

Im zo = p(z1)}. The correspondence is given by a partial Fourier transform in Re 2.

Now that we have introduced OPF operators and discussed two results about the
families of operators, we are ready to analyze (1,, and the heat operator e=*=7». Studying
U = —ZTpZTp instead of LL has two advantages. The first is that ZTpZTp is elliptic,
and the second is that we can express 201, = %(—iv —a)?+V, a Schrodinger operator
with magnetic potential a and electric potential V. These facts allow us to use a wealth
of results unavailable in analyzing LL.

st is an integral operator

Our analysis comes in two steps. First, we show that e~
with kernel H,,(s, z, w) that is smooth away from {(s,z,w) : z = w and s = 0}. To do
this, we use the ideas of [NSO1] to develop properties of OPF operators. One essential
result establishes the commutativity of pr and Z;, with the class of order m families.
From there, still following [NS01], we use the spectral theorem and L?-methods to prove
smoothness of H,,(s, z, w). Being able to work with OPF operators is critical in the proof

because of the ability to change from arbitrary products of Z,, and Z,, to powers of [I,,,

composed with order 0 operators. Similarly to NIS operators, the spectral theorem gives
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the estimate HDJT'pe_SDTP [lllz2c) S s77|l¢ll L2y, and being able to write X = ATDLO;JI/Z

where A, is a well controlled OPF operator means we have the estimate

IX*e™ 7 [@lll 2oy S 577l z2(o)- (1.7)

The idea of the proof is to interpret the spectral theorem on the kernel side, that is,
understand the implications of the spectral theorem on H,,(s, z,w). From (1.7), we see
that X*e~*Urr[p] € L2(C) for all .. This allows us to prove that for a fixed s, H,,(s, z, w)
and its derivatives are also in L?. A Sobolev embedding theorem then implies that H,,
is C°.

The second step of our analysis is to prove pointwise estimates on H,,(s, z,w) and

its derivatives. We show:

Theorem 1.3. Let n > 0 and Y be a product of || operators Y = Z,, or Z,, if acting

in 2z and (Z,) or (Z,,) if acting in w. There exists constants ci,ca,c3 > 0 so that if

T >0,
8” 1 \z—w|2 —cg—S
—YH, (s, z,w)| <y TS e M)

—e
Osn ™ = T gntilal+l

The estimates are shown in two stages. In the first stage, if 2 = x1 + ixq, similarly

to Berndtsson [Ber96] we write 20,, = $(—iV — a)? + V where

_ o
a(z) =71 Oz and V(z) = 17'A]D(z).
a 2
81’1

We use the Feynman-Kac-1t6 formula [Sim79] to show Gaussian decay for H,,(s, z, w).

To finish the estimate on |H,,(s, z, w)|, we scale to normalize the polynomial p, prove an

L?-“energy” inequality, and finish the argument with Gronwall’s inequality and e
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semigroup properties. We show the estimate on a compact class of polynomials of degree
2n and scale the result to obtain the estimates in the general case.

The second stage of the estimation is to prove pointwise bounds on the derivatives
%U“HTP(S,Z,U)). The idea is to prove a local L?-bound for %U“HTp(s,z,w) and
its derivatives and pass to a local L*°-bound using either a Sobolev embedding-type
result, Theorem 3.12 or the subsolution estimation from Kurata [Kur00], Lemma A.1.

The local L?-bound uses an integration by parts argument, and the ability to change

arbitrary derivatives into derivatives controlled by the spectral theorem is critical.

1.6 Conclusion and Future Directions

Kurata studied heat kernels in R” for Schrodinger operators of the form L = (—iV —
a)>+V where a € C' and V € L{ (R"), V > 0. His conditions on a and V are more

loc
general than what we consider, and he can only prove colr/l;cinuity of the heat kernel. He
shows the bound |H,,(s, z,w)| < %e‘”lz?{ze—%(m) , a weaker result than what
we have shown. The lack of structure of L prevents the technique of Theorem 1.3 from
applying to Kurata’s more general operators.

By integrating in s, the pointwise estimates on H,,(s, z, w) allow us to recover esti-

mates on the fundamental solution of [1,, and compare our work to Christ [Chr91al. If

G.p(z, w) is the fundamental solution to [J,,, we show the decay:
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Corollary 1.4. Let G,,(z,w) be the fundamental solution for D;pl. There exists con-

stants C1,Cy > 0 so that if 7 > 0,

Near the diagonal, our estimates agree with Christ, but far from the diagonal, he
shows the decay e~»(*%) where prp is a metric on C which reflects the geometry of the
measure 7Ap and p.,(z, w) > C J;(”Z;il) The advantage to our estimates, however, is that
we can compute them easily since /: and A are calculated directly from the coefficients
of 7p. p(z,w) is difficult to calculate.

In R™, n > 3, Shen (’99) obtains estimates for the decay of the fundamental solution
of —A +V V is a nonnegative Radon measure. Interestly, his estimates are sharp even
though they are higher dimensional versions of Christ’s estimates which are not sharp.
This signifies there is additional structure in the special relationship between a and V
in the magnetic Schrodinger operator [1,, which has not been exploited.

Estimates on H,,(s,z,w) have many applications that we would like to explore.
The first step in this direction is to obtain pointwise estimates for H,,(s, z, w) and its
derivatives when 7 < 0. This is equivalent to finding estimates on I:ITp(s, z,w) when
7 > 0. Unfortunately, the techniques from parabolic operator theory and quantum
mechanics do not seem to work. The difficulty lies in the fact that when we write
Qﬁw = %(—z’V —a)? + Vv,V <o. Writing lfITp as a parabolic operator, this means the
0 order term may not be positive. I am in the process of developing methods which
exploit the structure of [, to overcome these difficulties. Once that is accomplished,
we plan to use our results to prove exponential decay for the heat kernel of [NS01],

an improvement over the rapid decay shown by Nagel and Stein. We also hope to use
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the OPF operator and heat kernel results to build on the work of [NS03|] by proving
pointwise estimates on the heat kernel on decoupled domains in C”, i.e. domains of the
form M = {(z1,...,2,) : Imz, = Z;L:_ll p;(2;)} where p; are nonharmonic, subharmonic

polynomials.



21

Chapter 2

One-Parameter Families of

Operators on C

2.1 Notation and Definitions

2.1.1 Notation

Let p be a subharmonic, nonharmonic polynomial of degree 2n. On C x R, we define

the operators

0 opo .9 opo
Le=% "9 Lo =gt 500

0  0pd 0 .0po
L=5. g o Lo =50 " u ot

If M, is a polynomial model domain in C? given by M, = {(z1,22) € C? : Im 25 = p(21)},
then M, = C x R and 3, (defined on M) becomes the operator L, on C x R. It follows
that — L, is the Hilbert space adjoint to L, in L?(C x R). The translation invariance in
t causes many operators of interest to have a convolution structure in t. A consequence
is that if we have a function f((z,t), (w,s)) = f(z,w,t — s), we may study f(z,w,t).
By the chain rule, £,, and £,, are the versions of L, and L, in the w-variable.

We take the partial Fourier transform in ¢ of the operators L., L., L, L. We let
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the 7 be the transform variable of ¢, and we define the operators

0 dp 0 dp
Zrpz = 0z T@z Wopw = ow + Taw
- 0 op — 0 op
Zrvz = FERIMET: Wopw = oo ow

We think of 7 as fixed and the operators ZTP,Z, Lrpzs WTp,w, and W, , as acting on

functions defined on C. We will omit the variables z and w from subscripts when the

application is unambiguous. Observe that (Z,,) = W, and (Z,,) = W,,. We let X

and X5 denote the “real” and “imaginary” parts of Z, that is,

Xi=Znyt+ Zny = %erg—;;

Xy = i(Zey = Zry) = 8%2 - ifg_gi
Analogously to X; and Xs, define

Ur=Wop+ Wy =5 - = w%

Us = i(Wry = W) = 8%2 + 2'7'5—51

We need to establish notation for adjoints. If 7' is an operator (either bounded or
closed and densely defined) on a Hilbert space with inner product ( . ), let T be the
Hilbert space adjoint of 7. This means that if f € DomT and ¢ € DomT*, then
<Tf7 g) = (f, T*g). The Hilbert spaces that arise in this thesis are L?(C), L?(C x R),
and L2 (R x C). If U = C, C x R, or R x C and T is an operator acting on C>°(U)
or S(U) = {p € C®(U) : ¢ has rapid decay}, then we denote T# as the adjoint in the
sense of distributions. This means is K is a distribution or a Schwartz distribution, then

(T*K, o) = (K, Ty). Note that if T is not R-valued, T* # T#. It follows easily that

Zf’; =-W, and Zf; =W,
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Notation for Carnot-Carathéodory geometry.

The metric and corresponding balls from the Carnot-Carathéodory geometry on polyno-
mial model domains play an important role in this work. We need the following functions

in order to describe the metric p. Let

A(z,6) =Y |aj| 6" (2.1)

Jk>1
where
j+k
ayy, = ﬁaaza’a; ). (2.2)
Define
w(z,0) = inf M (2.3)

and we see that p(z,d) is an approximate inverse to A(z,d). This means that if § > 0,
(2, A(2,0)) ~ & and A(z, pu(z,0)) ~ 0.

We use the notation a < b if a < Cb where C' is a constant that may depend on the
dimension 2 and the degree of p. We say that a ~bif a <band b < a.

We also denote the “twist” at w, centered as z by

_ (Z%%(z)(w—zy - Z%%@)(w—#) EC

jz1
Given (z,t), (w, s) € C x R, the nonisotropic distance
p((51), (,8) = |2 = wl + (st — 5+ T(aw, 2)).

Since p((z, t), (w, s)) is a function of z, w, and t — s, we define a new function

dyi(z,w,t) = |z —w|+ p(z,t + T(w, 2)). (2.5)
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We will see that dy;(z,w,t) is essentially symmetric in (z,w). The nonisotropic ball
Byi((2,1),6) = {(w, s) : dni(z,w,t — s) < 0}
We also define a volume function

VNI((Z,t)> (w,s)) = |BNI((Z,t)adNI<Z,'lU,t—3)>| — dNI(Z’w’t_S)zA(Z,dNI(Z,w,t_s))‘

Properties of T'(w, 2).

Proposition 2.1.

T(w,z) =-T(z,w)

Proof. Since p(z) = Zj,k ﬁgﬂ; (w)(z —w)i(z — w)k, we Tiave
jG—=1)---(G—(—1)) o7tFp » )
8% ; k! 9205 (w)(z — w) " (z — w)
k>0
! L oy j—t k
; (j — O)! k! 0219z (w)(z —w) (2 —w)

Since p is R-valued, the twist (equation (2.4)) T'(w, z) = —2Im (Zezo %%(z)(w - z)£>,

SO

j+k ‘ .
—Z Z J—f) llk!'aijafk(wxz—w)J—f(z—w) (w_z)e

€>0 . j>e
k>0
(—1)¢ 07tkp . .
— " (w)(z — w)(z — w)
% ; 0 — é G 92107k

k>0



25

| - | k
@) (_W) ﬁ 8(1;6; (w)(z —w)(z —w)

50 N0
1 0%p k 1 dip .
= gﬁ(w)(z—w) :Zﬁ@(w)(z—w)f.

k>

o

Jj=0
The second to last line uses the identity S77_, ()(=1)* = 6o(j). The result follows

easily. O

Corollary 2.2.

dN[(Za w, t) ~ dNI<wa 2, t)

Proof. This is a well known fact ([NSW85, Nag86]), but we are in a situation where the
computations can be explicit. We sketch a proof. If r = |t + T'(w, 2)|, it follows from

from Proposition 2.1 that it is enough to show that
|Z - U)| + ,LL(Z, T) ~ |Z - U}| + /,L(’LU,T’).

If u(z,7) < |z —w| and p(w,r) < |z — w|, there is nothing to prove, so (without loss of
generality) assume that p(z,r) > |z —w|. By expanding p(z) around w and p(w) around

z, it can be shown that A(z,6) ~ A(w,d) if 6 > |w — z|. Thus, we see

A(w7 ,LL(Z, T)) ~ A(Z7 ,LL(Z, T)) ~T,
and it follows that u(z,r) ~ u(w,r). O
The next proposition contains two useful, though simple, computations.

Proposition 2.3.

o ~ L &p j
5, (W 2) = —ig-(2) = iy 19207 (2)(w = 2)

j>1
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and

T ap ~ 1 a0ty ;
oo (w,2) =io—(z )+zz>:; = (2)(w — z)’.

Proof. The proof is a short computation.

oT R 1 9y i 21 o i1
O (w,2) = ( > g =~ 5 1)@@)(w -2

_ o, Lo p j

noting that the first sum cancels all but the first term of the second sum. Since T is

R-valued, 9L (w, z) = 9 (w, z) which gives the result for the second sum. O

A useful consequence of these calculations is

Proposition 2.4. Let Y7 be a product of |.J| operators of the form Y = L., L., Ly, L.

Then
Az, dy(z,w,t))
dNI(Za w, t)|J|

V7 (t+T(w,2))] < Cy

Before we prove the Proposition 2.4, we note that the result would be false if we
replaced t+T'(w, z) with ¢ or T'(w, z). Without both terms, there would be uncontrolled

derivatives of p remaining after applying ).

Proof. We have L. (t + T (w,2)) = 2L (w, 2) + z P(z) =—iy o1 5 o p () (4 — z)j. Sim-

0z j>1 51 BZBZJ

ilarly, L.(t + T(w, z)) =i > is1 ]1, 33{;;8Z 2 (w — z)?. Analogous equalities (with z and w

interchanged and the sign switched) hold for £, (¢ +T'(w, z)) and L, (t + T'(w, z)) since
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L,(t+T(w,z2)) = (8_w — Z(‘?—w§> (t—T(z,w)) = —z'g—i(w) - g—z(z,w)

(2w + L) = (L2 DY iy
= —Ly(t+T(z,w))

and L, (t + T(w,z)) = —Ly(t + T(z,w)) But

1 (9j+1p(z) j
Z jl 0210z (w=2)

j>1

Az, dy(z,w,t)) |

<
=a dN](Z,w,t)

Higher order derivatives are easier. As we just showed, the result of applying J' to
t + T(w, z) leaves a polynomial that is a sum of derivatives of Ap (and hence well
controlled). There are no t terms remaining, so if j > 2, applying )’ is a matter of
applying one of: %, %, a%, a% . Hence, the computation is simpler, and it can be

done naively, i.e. there is no need to find any cancelling terms (which in general are not

present anyway). O
Finally, let

M,, = €ZTT(w’Z)a_€7ZTT(w’Z)7 and M = —i (t + T(w7 z))
T

2.1.2 Definition of OPF Operators

Let p be a subharmonic, nonharmonic polynomial. We say that 7). is a one-parameter
family (OPF) of operators of order m with respect to the polynomial p if the following

conditions hold:

(a) There is a function K, € C* <(((C x C)\ {z =w}) x (R\ {0})) so that for fixed T,

K, is a distributional kernel, i.e. if p,¢ € C°(C) and supp ¢ Nsuppt = @, then
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T |¢] € (C2°)'(C) and
(T-e)(+), ¥)c = / ) CKT(Z,w)QD(w)z/J(z) dwdz.

(b) There exists a family of functions K, (z,w) € C*(C x C x R) so that if ¢ €
C>(C x R),

Ko @len(z,7) = / o(w, VK. (2, w) dwdr

CxR

and lim. o K [¢]cxr(2) = K [@]cxr(z) in (C2)'(C x R).
All of the additional conditions are assumed to apply the kernels K, (z,w) uni-

formly in e.

(c) Size Estimates. If Y7 is a product of |.J| operators of the form Y/ = Z,, ., Z s
Wepws Wepaw, or M, where |J| =0+ n and n = #{j : Y = M_,}, there exists a

constant Cy, ;, so that for any k,

’Z _ wlm—2—€

£ B
THRA(z, [w — 2|)F 1 m=2k>1

Y Kre(z,w)| < Crnge

Also, if m =2 and |w — z| < p(z, 1), then

1
1 (2ﬁ5i;|)) n=>0
| MK (2, w)| < Ch (2.7)
||~ n>1

(d) Cancellation in w. If Y is a product of |.J| operators of the form Y/ = Z,,, Z,,

or M, where |J| = +mn and n = #{j : Y], = M}, there exists a constant Cp
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and N, so that so that for ¢ € C2°(D(2,9)) and any k,

sup
zeC

om-
\/CYT(;KTﬁ(Z?w)(ID(w) dw < ank k-i-nA Z 5 Sup Z 5”‘ ‘XTPQD | 2 8)

w€C|I\<N

where X/ is composed solely of Z,, and Z,,.

(e) Cancellation in 7. If X7 is a product of |.J| operators of the form X/ = Z,.. Z,.

or Wirpw, Wopw and |J| = n, there exists a constant C,, so that

p(z, t+T(w, z))m "
p(z,t+ T(w, 2))2|t + T(w, 2)|

/ (K, (2,w)) dr < C, (2.9)

(f) Adjoint. Properties (a)-(e) also hold for the adjoint operator 7" whose distribution

kernel is given by K, (w, 2)

Note that for the 7-cancellation condition (2.9), we do not need to consider the case
X1, =2 since [, & (T (2,w)) dr = 0.

In size condition (c) and cancellation condition (d), the 7*A(z, |z —w|)* and 7*A(z, 6)*
terms are rapid decay terms. If OPF operators are to be partial Fourier transforms of
NIS operators on polynomial model domains, rapid decay should not be surprising; it is
consequence of being able to integrate parts from the Fourier transform formula. This
will be seen explicitly in Lemma 2.11. Ignoring the rapid decay terms, the size and
cancellation conditions of OPF operators are familiar. An order 2 OPF operator should
“invert” two derivatives, like the Newtonian potential. In R?, the Newtonian potential
has a logarithmic blowup on the diagonal, just like an order 2 OPF operator. For an
order 0 OPF operator, the blowup on the diagonal is the same as a Calderon-Zygmund
kernel, and the decay of K, (0, z) is |z|72, the same as a Calderon-Zygmund kernel. For

the cancellation conditions, if ¢ is “normalized” appropriately, the cancellation condition
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(2.8) simplifies to

1Y 2T @) | ooy S 07

This is reminicent of cancellation of a Calderon-Zygmund operator or an NIS operator.

2.2 L7 boundedness of order 0 operators

We are now ready to prove Theorem 1.1.

Theorem 1.1. If T is an OPF operator of order 0, then T, T are bounded operators

from L1(C) to L1(C), 1 < q < 00, with a constant independent of T but depending on q.

The idea is to show that e’”T(“”Z)Kﬂ6 satisfies the bounds of a Calderon-Zygmund
kernel and the operator S, with kernel e="7(w) [ is restrictly bounded. These two
facts will allow us to use the T'(1) theorem to prove that S, is bounded on L?(C), and
a result by Ricci and Stein [RS87] applies and proves boundedness of T, on L?(C).

We need the follow two lemmas.

Lemma 2.5. Let T, be a family of operators of order m < 2 with a family of kernel

approzimating functions K. .. Fizing 7, K, (z,w) satisfies:

(a)
lw — z|™3

TG, Jw = 2])F (2.10

Vo (7KL (2,0))] < Gy

(b) If 2|w — w'| < |w — z|, then

w — w'|
jw = 2P 7[FA(z, Jw — z[)*
(2.11)

G_iTT(w’Z)KﬂE(Z, w) o e—i’rT(w’,z)KT,e(Z’ w/)

< Cy
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(c) If 2|z — 2| < |w — z|, then

|z — 2|
|w = 2P~ 7 [FA(z, |w — 2])*

(2.12)

efirT(w,z)KT’E(Z’ w) . e*’iTT(’LU,z’)KT’E(Z/7 w) <,

Proof. It is immediate that the Mean Value Theorem shows (2.10) implies (2.11) and

(2.12). To prove (2.10), we use Proposition 2.3 and compute:

irT(w,z) ¥ —’LTT(’LU,Z)K
e P (e M(z,w))
o oT 0K,
= T (w, 2) K (z,w) + s (z,w)
0K, dp 1 o7ty j
iy _ 2P . § j VK .
5 (z,w) 7'82(2) re(z,w) — 7 '8z8z3 2) K e(z,w)

Using the size estimate (2.6),

0
0z

| A
a9 (eszT(w,z)Kﬂe(Z’ w))‘ = ZTpKT,E(Z’ w> ’ : (
|'l,U . z‘m—?)

Az, [w — 2[)*

< Ck

A virtually identical calculation shows

lw — z|™3

|7[FA(z, [w = 2])*

‘% (e—iTT(w,z)KT’6(27w))‘ <,

which shows |Z (e”""(“?K_ (z,w))| satisfies the bound in (2.10). The bounds for
|2 (e7TwAK, (z,w))| and |& (e T2 K. (z,w))| use a repetition of the calcula-
tions just performed and the identity e=77(%*) = ¢77(=%) (which follows from Proposi-

tion 2.1). 0

We now restrict ourselves to the case m = 0. Given an family T’ of order 0, define
a related family of operators S, so that if K, (z,w) is the kernel of T}, the kernel of S,

is given by e T2 [ (2, w). We have the following:
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Lemma 2.6. S, and S} are restrictly bounded, i.e. if ¢ € CZ(D(0,1)), [l¢lloy, <1

(where Ny is the constant from the cancellation condition (2.8)) and ™ (z) = p(552),

then

1S (" *)l2 < AR, [[(S)"(¢™*)]l12 < AR

with the constant A independent of T.

Proof. From the adjoint condition (f), it follows that we only have the prove the re-

2
dz)

1
2 2
[ Kralzvw) (e 10D p2520)) o dz>
C

2 3
dz)

stricted boundedness of 5.

1, c(9")] 12 = ( /
C
<(/
|z—20|<2R
. ( /
|z—z0|>2R

=1+1I.

N

/ G_iTT(w’Z)K—r,e(Z, UJ)gO(w zo> dw
C

/€_iTT(w7Z)K~,-76(Z,w) (w zo)dw
C

We estimate [ first. By the cancellation condition (2.8)

rel(z,w) (7T R p(u70)) dw‘

< Cn 1 sup Z R|1|| 77,TT'UJZ)QP(%)>}.

= N max{T, [P (s, )Y} ek 2

We claim R |V (eTEw)p(2=20))| < Cjyymax{1, |7|TIA(z, R)!1}. To see this, we first

do the case YTIp = Zrpw- It follows from Proposition 2.1 and Proposition 2.3 that

Zopa (715 p(25%)

eiTT(z,w) 8@ ) 1 ajJrl .
w—2z0 T (z,w) E . J w—2z0
R aw( R )+T€ |8waw]( )(Z 'UJ) QO( R )

j=1
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Hence |Z;p. (6775 p(2220))| < € (1+ 7A(z, R)). Iterating this argument proves the

claim. Thus, for |z — 29| < 2R,

/ KT’E(Z7 w)e—iTT(w,z)w(%) dw‘ <C,
C

130(/ dz)2§AR.
|z—z0|<2R

-—20

When |z — 20| > 2R, |z — 20| ~ |z — w| for w € supp p(-£2), so

1
1 - 2 2 , 1 %
I1<c — | [ |e(®52)| dw ) dz] <CR —dr) <AR.
|z—20|>2R |z — 20 C r>RT

]

and

The final ingredient we need to prove Theorem 1.1 is a result by Ricci and Stein

[RS87].

Theorem 2.7 (Ricci-Stein). In R™ x R", let K(-,-) satisfy the following:
(a) K(-,-) is a C* function away from the diagonal {(z,y) € R® x R" : x = y},
(b) VK (z,y)| < Alx —y|™"! for some A >0,

(¢) The operator f K(x,y)f(y)dy initially defined on C§*(R™) extends to a
R

bounded operator on L*(R™).
Then the operator T defined by
T(fl@) = [ TR ) ) dy

can be extended to a bounded operator from LA(R™) to itself, with 1 < q < oo. The
bound of this operator may depend on K, q, n and the degree d of P but is otherwise

independent of the coefficients of P.
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Proof (Theorem 1.1). Lemmas 2.5 and 2.6 and the Size Estimate (2.6) allow us to use
the T(1) Theorem (p. 294 in [Ste93]) and to prove L? boundedness for S, with constants
independent of 7. .S, satisfies the hypotheses of Theorem 2.7, so T, is a bounded operator
from L7 to itself with the bounds depending only on S;, ¢, and the degree of p. The

bounds do not depend on the coefficients of p or on 7. O

2.3 Equivalence with NIS operators

2.3.1 NIS operators on polynomial model domains in C?

There are different notions NIS operators (e.g. [NRSW89, NS01]). We use the definition

from [NRSW89].

Definition 2.8 (Nonistropic Smoothing Operator of order m). Let

T[fl(z,t) = / T((z,t), (w,s)) f(w,s) dwds,

CxR
where T'((z,t), (w,s)) is a distribution which is C*° away from the diagonal. We shall
say that T is a nonistropic smoothing operator which is smoothing of order m if there

exists a family

T.[fl(z,t) = / T.((z,t), (w,s)) f(w, s) dwds,

CxR

so that:
(a) T.[f] = T[f] in C°(C x R) as € — 0 whenever f € C°(C x R);

(b) Each T.((z,1), (w,s)) € C=((C x R) x (C x R));

The following two conditions hold uniformly in €,
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(c)
dyr(z,w,t — s)m_”'

V((Zat)a (w,s))
and X, = L, L, L., or

‘XITg((Z,t),(w,s)ﬂ < ¢y (2.13)

where we have used the abbreviation X' = X, X, - - - X,

Lu;

(d) For each £ > 0, there exists an N = N; so that whenever ¢ is a smooth (bump)

function supported in BN[((Z, t), 5),

| XIT (0] (2, 8)] < Cod™ sup Y a7 [g](w, 5),

1 J1<N,

(2.14)

whenever || = ¢;

(e) The same estimates hold for the operator T*, i.e. the operator with the kernel

T((w, s), (z,t)).

We now generate an OPF operator T, from an NIS operator T on a polynomial model
domain M,. Let l;’(p, q) be the kernel of an NIS operator 7. On C x R, each kernel k

can be associated with a kernel k by setting
k?(Z, w,t— S) = ];’((Z, t)? (w7 S))

The convolution structure in ¢ follows from the property that a polynomial domain is

translation invariant in ¢ = Re z5. Thus we have (for appropriate ¢),

Tle](z,t) = /(c i} k((z,1), (w,s))o(w, s) dwds = /«: i k(z,w,t — s)p(w, s) dwds.

We set

K. (z,w) :/e_iTtk(z,w,t) dt
R
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and observe we also have

1 )
k(z,w,t) = 2—/em_f(T(,7:,u1) dt.
T JR

The integrals representing K, (z,w) and k(z,w,t) do not necessarily converge. For a
tempered distribution 7" and a Schwartz function ¢, we know that if F represents the
partial Fourier transform in ¢, by definition, (FT,¢) = (T, Fp). As an integral, this

corresponds to:

(FT, ) :/ k(z,w,t)/e_itTgp(w,T) drdwdt
CxR R

:/ /k(z,w,t)e_mdt@(wm) dwdt.
CxR JR

We make sense of the second line by the string of equalities and call the integral
Je k(z,w,t)e”"" dt as being defined in the sense of Schwartz distributions. We simi-
larly justify writing k(z,w,t) = 5= [ €K, (z,w)dr. If one of (or both of) the kernels
is actually in L*(R) (in ¢ or 7), then the integral defined in the sense of Schwartz distri-

butions agrees with the standard definition.

2.3.2 NIS Operator on C x R generates a family 7, on C

Theorem 2.9. An NIS operator T of order m < 2 on a polynomial model domain
M, = {(21,22) € C? : Im 29 = p(z1)} generates a family of operators T, of order m < 2

with respect to the polynomaial p.

Theorem 2.9 is proved in a series of lemmas. Two comments first, however. One,
the approximation conditions imply one another since a partial Fourier transform is a

continuous operator on the space of Schwartz distributions. Also, the adjoint conditions
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allow us to focus only k£ and K as the computations will automatically apply to £* and
K.
We first show that if % is an NIS operator of order m < 2, then K is the kernel for

a family 7’ of operators on C.
Lemma 2.10. The operator T, has the w-cancellation condition (2.8).

Proof. Let Y] be a product of |J| operators of the form Y/ = Z,,, Z.,, M,, where

|[J|=L0+mnandn=#{j: Y] = M.} and let ¢ € C>(D(z0,9)). We have
K, (z,w) = / e ko (z,w,t)dt,
R
so that integration by parts yields

ZopKs e (z,w0) = ZTp/ e ke (z,w,t) dt
R

Similarly, Z,,.K;(z,w) = [pe ™L.k(z,w,t)dt. Also, recalling that Mf(z,w) =

—i(t + T (w, z))f(z,w), we have
MK, (z,w) = / e THTW D ME (2, w, t) dt.
R

Thus,
/K‘;Km(z,w)gp(w) dw://e_m)}‘]k(z,w,t)gp(w) dtdw,
C cJR

with the correspondence that if YTJp = Zrp, ZTp, M,,, then Y7 = L, L, M respectively.
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So,

/YT‘;Km(z,w)go(w) dw:/ (V7 k) (z,w,t)e” " p(w) dtdw
C CxR

Cn+k 0”*’“ Cir
= o / / (8t”+k ) ke(z,w,t)e” ™ p(w) dtdw
Cn anJFk —iT
= Tn——i_i-z //(C ( tn+k > ke(Z,U),t)@ tgp<w)n<wat) dtdw
R

Cn—i—k anJrk —iTt
T””“// oY ) ke(zw, e T o(w)(1 = n(w, 1)) dtdw (2.15)

where n € C°(C x R) is a bump function on By;((z,0),0). The strategy is to expand

<§:Tﬁy‘7> ke(z,w,t) and estimate an arbitrary term for each of integral in (2.15). It is
important to remember that in }7, n of the terms are M and a L or L can hit either

an M term or kc(z,w,t).

8n+k

Expanding <W)}J> ko(z,w,t), we see

an+k ;
atn+ky k(z,w,t)

otk J o
= Hpirk ) Ctnlyert X ke (2,0, 1) [T (=) X7 (t 4+ T(w, 2))

[Jo|+-+]|Jn|=C j=1
afo 7 n 84 S

= Z ClIolse| I Z Ceo,.., enatfox k:e(z,w,t)H X (t+T(w z))

[Jo|+-+]Jn|=E Lo+ +ln=n+k j=1

(2.16)
where X7i is an operator composed only of X7 = L and L. We pick an arbitrary term
from the sum and show that it has the desired bound. Taking an arbitrary term from

(2.16), we estimate the integrals from (2.15) which reduces to the following two integrals:

J
T”*k/CRGtZXOk zth

X‘]J (t+ T(w,2))e" ™ p(w)n(w, t) dtdw

and

860 n i
g // pYn X‘]"k (z,w,1) H (t + T(w, z)) ”tgp(w)(l — n(w, t)) dtdw
R :
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where |Jo| + -+ |Jo| = ¢ and ¢y + - - + ¢, = n+ k. Recall from Proposition 2.4, we

have
2

otts

Using this fact and the cancellation condition (2.8), I has the estimate

(t+T(w, 2)| < ey Mz dwr(z,w,8) ™ dyr (2w, 8) 7

sm—I|Jol n

1ol Iyl | ity H
I'< ||tk A(z, )t Sup Z ol x ” (
T Z, (w,t) j=1
I<N| 01,60

(w.2)) ) w0

 Clolto ™! sHl o (—irt
= Ttk Az, 0)00 oo >, > Clp.eolgr | X7 (€70 (w)
P DN e ol T =]
X H Xf XJJ (t+1( Xt
w, z)) n(w,t)
Cnp 010l

IN

WW sup Z sHI Z ‘XIO (efiTt(p(w))‘A(z7 5)7‘*51*"'*571
) (w,t) 1SN g01,40 [o|++|Ing1|=/1|

. §— Ul 4 In |+ Tn]) 5= 1]

Cn, 0,k - - B
’TTn+kA(Z,5) k= sup Z 5|IO|‘XIO(6 ”—tgp(’w))‘
(w,t) [1ol<N|q1.c

IN

_ Cn,ﬁ,k A(Z’é)fkémffsup Z (S'IO“X,[I_OSD(U))‘

]+ .

[Lo| <Ny 1,¢
To estimate 11, we use size estimates and the support size of . Also, if we make the
substitution s = pu(z,¢ + T(w,z))fl, then || ~ |((t + T(w, 2))u(z,t + T(w, 2)))|~"

This means [1£| ~ |t + T(w, z)| !, and

dni(z,w,t)™ 2 [Jol
> | ’n—i-k ”SOHL /w 20|<6 /;JFT (w,2)|>A(2,0) A(Z,dN[(Z,w,t))H‘EO
Az, dnr(z,w,t))"
dn(z, w, )1l A (2, dny (2, w, )t +n

Cnt —(-2 1
< ] e / / et + T(w, 2))" dtduw
|T!"+k lw—z20|<6 J [T (w,2)[>A(2,6) |t + T'(w, z)[nThntl

loll oo A(z,8)~ k52/ st=mtt ds

1
|5|§3

X dtdw

< | ’n-}—k

lipl| oo Az, 6) "6

- | ’n-}—k
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The proof that K, . satisfies the size conditions (2.6) and (2.7) is broken into two

lemmas. We handle the m <1 case and the m = 2 case.
Lemma 2.11. Ifm <1, the kernel K. . satisfies the size condition (2.6).

Proof. 1t is enough to assume

YJ — M = eiTT(w,z)ﬁefiTT(w,z)
T orn

where |J| = n. Let n € C®°(R) so that n = 1 on [~1,1], 0 < 7 < 1, and |n™| < ¢,.
Also, let na(t) = n(t/A). We will estimate

a’l’b

- —’iT(t‘f‘T(w,Z))k t t dt
o € e(zawa )nA( ) )

and (2.6) will follow by sending A — oo. The integral is compactly supported and the
integrand is smooth, we can apply the derivatives inside of the integral. Integrating by

parts (n + k) times shows

Cn

/ e~ iT(tHT (w,2)) (t+T(w,2)"ke(z,w,t)na(t + T(w, 2)) dt’
R

_ Cntk
- |7-|n+k‘

—ir(t+T(w,2)) ontk T " . ]
L © o ((t+ T(w, 2)) k(2 w,)a(t + T(w, 2)) ) dt

n+k i
[T S ey S8 (e Tw,2) )i (¢4 T, 2)
R .

Jj=0

_ Cntk
- |7-|n+k‘

n+k

Cn+k / n—1—j m—2 1
< —z|) lw — z| — dt
= ]Zl [ T e At

. 1 .

+ t+T(w,2)"  ulz,|t+T(w,z - - (= t|.

/ |6+ T(w, 2)|" 1 p(z, [t + T(w, 2) )" e \n(’”’“ J)(t+T§wz))‘ d]
Az, Jw—2]) <[4+ T (w,2) | <24 Anrh=
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If j =n+k, then

1
/ Az, |w — 2) 1) gy o m=2 g

’T‘n—’—k [t+T (w,2)|<A(z,|lw—2z])
+ 1/ ‘t + T(w z)‘n—l—jﬂ(z ‘t 4 T(w Z)‘)m_2 1 An(tJrT(w,z)) dt
7| TR Az fwo—2) <[t T(w.2) (<24 ’ Anth=i A
w — z[™ 2 R / —1-k -1
< Cpik [t +T(w,z)| pu(z, |t +T(w,z)|)" " dt.
" rEA (2, Jw — 2[)F TP * A w2 <t+T(w,2)]

Using the substitution s = u(z, |t + T'(w, 2)|) 7", so [£] ~ u(z,|t+T(w,z1)\)|t+T(w,z)|’

w— 2 m—1
’le / t+T(w, 2)| " Fpu(e |t + T(w,2)]) " dt
7| Az fw—2]) <|+T(w,2)

|w — z|™~1 / 1 J
~N — — as
| 7|k si<rts A2 SF

< ‘w _ Z‘m—Q
C .
= TR R A (2, |w — 2[)F

If 7 < n+k, then using the support condition of 77,(5) (t+T(w,2)) that [t +T(w,z)| ~ A,

the estimate simplifies to

1 / , 1
—_— Az, |w— 2))" |w — 2| ———dt
71" % S w,2) <A e f—2)) Antk=
1 / 11— - 1 k—7) (t+T(w,z)
+t s ’t+T(w>Z>’n ! ]N<Z> ’t_'_T(w?Z)')m 2—~77(n+ 7y () dt
71" J A jo—z) <t4T(w,2) <24 Antk=i ——
n—j m— 1 n—1—j m— 1
< kM2, Jw — 2[)" 7w — 2] 2An+k—j + ek AV (2, A) ZW
i}
This complete the proof for m < 1. n

Lemma 2.12. If m = 2, the kernel K, . satisfies the size conditions (2.6) and (2.6).
Proof. As is Lemma 2.12, we can assume that

n
YJ — M" = eiTT(w,z) J efiTT(w,z)
™ ™

o
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where |J| = n.

We first show the case pu(z, 1) > |w— z| and assume n = 0. Recall that |k.(z,w,t)] <

Ok, . . .
e e and |G (z,w,t)| < e R T aE- Since ke is not integrable on
R, we need to integrate by parts to obtain an estimate on K, .. However, since |w — z|
is small, we need to be careful to integrate by parts as few times as possible and then

only for large t. Let A be a large number.

/ e Mk (z,w,t)dt| < ’/ e ke (z,w,t) dt'
|+ (w,2)| < 55 [+ (w,2)| <Az, |w—z])

/ e ke (z,w,t) dt
e <ItHT(w,2) < 2

Tl = [7]

+ e Mk (z,w,t) dt| +

/A(zflw—Z)StJrT(w,z)ISl

Il

1
<1+ / S
A fw—2) <+ Tw,) < |8+ T(w, 2)]
A
]. . ake ‘t+T(zzw)|:?
+ — / e it (z,w,t)dt| + ——
7] L < T (w,2) < 7 ot kalltd T () =L

§1+]Og(L)+L 1 zdt
Az, |w — z|) 7] < T (w,2) < (t + T (w, z))

T|—=
17|
<1 1 .
~ +(%(A@my—dﬂ

This is actually the estimate we are looking for since
log (—Um ) ~ log ( inf ( L , L >]+k>
Az, [w — z) 2L\ (Jaz, 7)) T fw = 2|
1 1 Jt+k
~ j,ililzfl lOg ( z itk | — 2 >
(lagyllrl) 7 o = 21

o ( 1 1
~ Ml o8 11k [y —
P2 (el T e = =)

‘ 1 1 1z, 1)
~ log | inf A ~ log = .
(Mﬂ(ﬂ@Mﬂf”%>W—zo (=51

Also, the estimate is independent of A, so we can let A — oc.
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Now assume k > 1. Let n € C*(R), 0 < n < 1, suppn(- + T(w, z)) C [-2,2],
n(t+T(w,z)) =1if [t| <1, and n® (¢t + T(w,z)) < ;. We show the case |w — z| >

w(z, %) Let A € R be large. Integration by parts n + k times shows:

aann/ efir(tJrT(w,z))ke(Z’w’t)n(t—i-T( ))dt‘
-

1 d”+k_jT] <t+T(w,z)> dt

o
—iT t+T(w z)
/ ) & 50 ((t+T(w,2)"ke(z,w, 1)) T =

e

C ntk—1 L " ontk n
< z; AAN 1= gkt +/R‘W<(t+T(w,z)) k:e(z,w,t))‘ dt
j=

- |7-|n+k

< ¢ i —l—/ 1 dt
TR AR ()1 <A G el Az Jw = 2])FH

1
N ,
T (w,2)[> A (2, w—z]) [t + T (w, 2)[FF1 )

< C (r, 1
GV CATEF A

Sending A — oo yields the desired estimate.

We have one estimate left to compute: the case |w — z| < pu(z, 1) and n > 1. Let

A be a large number. Let 0 < 1,15 < 1 so that 1 = ¥ + 95" on [~A, A]. Let

suppy C [—2,2] and supp ey’ C {t : [t] € [2,24]}, and assume |2vs'| < <o if [t > 2

and (G0, |04 < e if [t < 2. Since |z — w] < p(z, L), Az, |2 — w]) S L

88:” / e ITHT@ D (5, ¢) (1#1 (T(t+ T(w, 2))) + o (7(t + T(w, z)))) dt‘

g%/ [t + T(w, 2)[" k(2 w, )] dt
[t+T(w,2)

2
> |§‘.,-|
n
+ E C]'
Jj=0

J o)y A
/ t + T(U}, Z))na ’I/JQ (T(ta—:]T(wy Z))) ke(Z, w, t) zr(t-l,-T w, z dt
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Picking an arbitrary term and integrating by parts (n + 2) times, we have

7 oA ]
/ (t + T(w, Z))na ¢2 (T(ta"f'jT(w; Z))) k/’e(Z, w, t)e—zT(t+T(u),z)) dt'
R T
n+2 .
o n ok "I TR (7 (t + T(w, 2)))
< cp42 Z / m otk ((t + T(w, 2))"ke(z,w, t))T Drigm ik dt

Ifn+2+4 75—k >1, the term in the sum has support near | and |A|, so it is bounded

by
oIk (r(t + T(w, 2)))
n n+2—k 2 )
'/ |7-|”+2 82&’“ t—i—T(w,z)) k’e(z,w,t)>7' T dt
- el e AT [t 4
< Fr T R e e

Finally, if n +2+4 7 — k =0, then j = 0 and £ = n + 2 and we have the estimate
8n+2 A
‘ / |T|n+2 O [ T, 2)) k(0,0 ) (7t + T, 2)))

/ 1 Ji — Cn
o |T\"+2 T (0,2) > 5 [t +T(w,z)[3 [T

[
Lemma 2.13. The kernel K, . satisfies the T-cancellation condition (2.9).
Proof. Since F~1F = I in the sense of Schwartz distributions,
t+T m—LJ]|
’XJ]{(Z, w,t)| < C|J\ ,u(Z, + (w7 Z))
Viz,u(z,t+T(w,2))))
implies 5- [, X7, (emKT,E(z, w)) dr = X7k(z,w,t) satisfies the same estimates. O

The proof of Theorem 2.9 is complete.
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2.3.3 A family of operators 7, on C generate an NIS operator

EonC xR

Theorem 2.14. A OPF operator T, of order m < 2 with respect to the subharmonic,
nonharmonic polynomial p generates an NIS operator k of order m < 2 on the polynomial

model domain M, = {(z1,22) € C*: Im 2o = p(21)}.

Theorem 2.14 is proven in the same matter as Theorem 2.9 and the same comments

about the approximation and adjoint conditions apply.
Lemma 2.15. The operator k satisfies the NIS cancellation conditions (2.14).

Proof. Let ¢ € C*(B((z,t),6)). Let n € C°(R) with suppn C [—ﬁ,ﬁ] and

n(t) =1 when 7 € [—

INCELE ;5)]. Let X7 be a product of |.J| operators of the form of
X7 =L, and L,. Then

x’ // ke(z,w,t — s)p(w, s) dwds = / Xk (z,w,t — s)p(w, s) dwds
CxR CxR

1 A
:_/ / / X (T TVK (2, w)) p(w, 5) drdsdm

// "X K (2, w)p(w, s) dwdT

”TXJ /KTE z,w)p(w, T) dwdr
T on

1

= — Z“XJ /KTE z,w)p(w, 7) dwn(T)dr
2T

+% e X7 /Kn z,w)p(w, ) dw (1 —n(7))dr

=I+11.



We estimate I and 11 separately. By (2.8),

|| §0J|§m_|J|/Rsup Z 5”“ ( (T))‘dT

w
[T|<N)

:c|J|(5m_|‘]|/Rsup Z (5'”‘)(1( w T))??(T))dT

w
[T|<N g

SCJ|5m_|J|/|n(T)]sup Z 5‘I|||XI¢\|L1(t)dT
R

w
TSNy

< ¢ o™ Z S| 21 || oo (exm) A2, 8).

[TI<N| g

A(z,6)

The last line follows from Holder’s inequality and the size of supp .
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1 , 1
|I1| = 7 /Rez”(l — 77(7'))5 (X;IP/CT2KT7E(Z,w)g0(w,T) dw) dr
< c|J|/ ey ae X e (w, ) | e AT (2.17)
T‘>A(z 4) |I|SN|J‘
The terms in the sum can be rewritten the more useful way:
1 .
I72CEY ot Tllmc =sup |5 [ 72X ot t) o
w ™ JRrR
/ o —Xp(w,t) | dt
= csu
w| | gt Plw
92
<oy l|==XTp A(z,1). (2.18)
ot? L>(CxR)
Using the estimate from (2.18) in (2.17),
|11 §c|J|5m_|J|/ 1 7|72 Z S <8t2 >g0(w,t) A(z,0)dr
71> 5w <N, L (CxR)
i 0
< a3 dao | (G ) etw.
‘I|§N|J| L>(CxR)

< clJlémiu| Z o HXISO(w’t)HLoo(CxR)‘

!
1SN,
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In the final estimate, we used the fact that A(z, 5)% can be generated by commutators

of 0.X terms. O
Lemma 2.16. The operator k has the NIS size conditions (2.13).

Proof. 1t is enough to find the estimate on |k.(z,w,t)|. We handle the m = 2 separately.

First assume m < 1. If dy;(z,w,t) = |z — w|, then

t t
/ e’ KT76(27 w) dr = % . e’ KT,E(Z, w) dr
R LA Vo)
1 .
¢
+ 7 1 e K, (z,w)dr.
1712 2 fe=2n

Estimating the first integral gives us:

lw — z|™ _. dnr(z,w, )™
lw—2PA(z, Jw—2z]) " V(z,dyi(z,w, 1)

‘/ eme(z,w) dr| < ¢
I7I< %z

Az, |w—2z])

The tail term is no harder: by (2.6) with { =n =0 and k = 2,

< lw — z|™ / 1 p
> G — at
jw = 2PPA(z, [w = 2[)* Jiz> T2

1
Az, |w—2z])

/ MK, (z,w)dT
T[>

1
Az, |w—2z])

w — 2™

w — 2[PA(z, |w — 2)

<

The case dyi(z,w,t) = pu(z,t + T(w, 2)) is the 7-cancellation condition (2.9).

Now assume m = 2. The estimate to prove is

dyi(z,w,t)? 1
< _ .
‘k€(z’ W, t>‘ - CV(Z> dNI(Zv w, t)) CA<Z7 dNI(Z’ w, t))

Let n € C°(R) where suppn C [-2,2], n(7) = 1if |7] < 1,0 <n <1, and ‘%(7)‘ < Ck.
Let A = A(z,dni(z,w,t)). We have
1 irt
ke(z,w,t) = — [ " K, (z,w)dr
2 Jr
- / e K, (z,w)n(TA) dr + / MK, (z,w)(1 —n(rA))dr
R

R

=1+1I.
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logs _ _ 1.logs k1 :
Before we estimate I, observe f(; o ds =~k + e Also, with the change of
1
. 2u(z,7) z,1)
variables s = 2|25 ~ wz, and A(s, |w — z|) ~ &, so
lw—z| > 1or J[w— z\ \7'| I

1
1 [ woe(feR) e [ ES_ds
Iri<3 szt sA(z, [w —2]s)

< ; 1 log s
~ 1n . . S
;‘L(z,A‘) §k>1 |a§k||w — Z|J+k gi+k+1

(z.A)
< in ! o8 <Tw Z|> !
~ gkt fag |Jw — z[itE (;r(z,A|)>]+k+1 (;r(z,Al))j+k
1 |w — z|7+* 1 1

S I [T = (e A K (s ) - A
To estimate /I, we need to separate the cases A = A(z, |w — z|) and A = |t + T'(w, 2)|.

We first do the case A = A(z, |w — z|). By (2.6) with k =2 and { =n = 0,

* 1 1
< ~ —
IIN/}\ Sdr~

Now assume A = |t + T'(w, z)|. Then

1 0? ,
II < - - / “'(H'T(w z) 2 e_”T(w’Z) K;e(z,w)(1l— (7|t + T(w,z dr|.
(t+T(w,z) ‘ TP — or? ( it =trie 2 )D))

EExo=]

If both 7-derivatives are applied to K,

a—2(eZ'TT<W>KT,€<z,w>)\ (1= (et + T(w, ) dr

or?

1
(t+ T(w, z))2 /|T|2

1
[t4+T (w,z)]

1 1 1
~ (t+ T (w, z))2 /T|21 2 dr ~ (t+ T(w,2))

[t4+T (w,2)]

Next, if one 7-derivative is applied to K, and one to 7, then

% (e_”T(w’z)Kﬂe(Z, w))

0 (tlt+T(w,z)|))dr

1
(t + T (w, z)) /ITZ

R S
[t+T (w,2)]

1 1 1
- (t+ T(w,z)) /|T~1 T dr ~ (t+ T(w,2))

[t+T (w,2)]



Finally, if n receives both 7-derivatives,

K. (z,w)|n" (7]t + T'(w, 2)])) dr ~ dr ~
[ el Gl T e~

1
[t+T(w,2)] |T‘N\t+T(w,z)\

Proving Theorem 2.9 and Theorem 2.14 proves Theorem 1.2.
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Chapter 3

The Heat Equation and Smoothness

of the Heat Kernel

Let S,, : L*(C) — L*(C) be the Szegd projection which is the projection of L*(C) onto
the null space of Z,,, and denote the integral kernel of S,, as S,,(z,w). We know from
[Chr91a] that S,, € C>°(C x C) as Z,,S,, = 0 even on the diagonal.

For the remainder of the work, we will primarily be concerned with inverting the

“Laplace” operators

Urp = —ZrpZsp
and
Orp = ~ZepZry
via the heat semigroups e *P and e‘sam, respectively. By writing out [, and ﬁTp

explicitly (which we do in Chapter 4), we see that it requires the same analysis to analyze
O, for 7 < 0 as ﬁTp when 7 > 0. Similarly, the analysis to study ﬁTp for 7 > 0 proves
the identical results for 0, when 7 < 0. As such, we can assume that 7 > 0. The
analysis of ﬁw is more subtle than that of [J,, because in L?*(C), ker ﬁm = ker Z,, is
large while ker O, = {0}.

We define the heat operators
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and

. o ~
H»rp - % +|:|’Tp'

Given a function f defined on C, we study the initial value problem of finding smooth

u, 1 : (0,00) x C — C so that

)
Hoplul(s,2) =0 s>0, zeC
(3.1)
th(l] u(s,-) = f(-) with convergence in an appropriate norm.
and
( ~
Hpli)(s,2) =0 s>0, z€C
(3.2)
klin% (s,-) = f(-) with convergence in an appropriate norm.

We will show that the solutions u and 4 defined on (0, 00) x C are given by semigroups

of operators
u(s, z) = e[ f](2)
and
i(s, 2) = e~ [f(2).
We also prove the existence of functions H,,(s, z,w) and H,,(s, z,w) which are smooth

away from the diagonal {(s,z,w) : s = 0 and z = w} and have the property that the

s s

heat semigroups e~*-» and e~*-"» can be written

e~ Dm0 f](2) = / £ () Hy(, 2, w) duw
and
AN ). = [ ) (s, ) du

Let o be a multiindex. We let X be a product of |«| operators of the form X = X;

or X,. Similarly, U® is a product of || operators of the form U = U; or Us.
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3.1 Heat semigroups e *U» and e~*U on L2(C)

We know that Z,, and Z,, are closed, densely defined operators on L?(C). As in Nagel-

Stein [NSO01], the spectral theorem for unbounded operators (see [Rud91]) proves:

Theorem 3.1. The operators U, and ﬁfp are each the infintesimal generator of a

O s

strongly continuous semigroup of bounded operators on L?(C), e~*" and e~ respec-
tively for s > 0. For f € L*(C), the following hold:
(a) lim == f — fll2c) = 0 and lim [le= f — fl|2c) = 0;
(b) For s >0, these operators are contractions, that is,
—sOrp < d —srp < .
e fllze) < N fllezey am e fllzeey < 1 fllezc);
(¢) For f € Dom(O,,) and f € Dom(0,,),
™ f = fllze) < sl0npflizaey  and e f= flizac) < sll0np fll2o);

(d) For s >0 and all j, Range(e *7) C Dom((},) and Range(e=C) C Dom(ﬁip).

Also, O e~ and ﬁlpe*éﬁ”? are bounded operators on L*(C) with

. i\
10,6~ fll 2oy < () Sl
and

~ L i\ '
1B ey < (2) e

(e) For any f € L*(C) and s > 0, the Hilbert space valued functions u(s) = e*Dr f

and u(s) = e‘saﬂ'f satisfy

(% + Dw) u(s) =0
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and

respectively;
(f) For every f € L*(C),
e TS [f] = Sepe T (f) = Soylf);
and consequently,
(g9) For all f € L*(C)

=D [f] = (I = Sp)e T [f] + Sy lf] = €7 Fo(1 = S, [f] + Sl f)

3.2 Regularity of the Heat Kernels

For each s > 0, define bounded operators H?, : L*(C) — L*(C) and H:, : L*(C) —

L?(C) by

13, [f] = eE ]

and

H2,[f] = e[ f].

The analysis of lfffp is inherently more complicated than that of H?, because ker ﬁm =

ker Z,, which is large while ker J,, = {0}. Also,

3 _SDTp —
Jim e~ = 5o
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so there is no chance that
| e e
0
converges. To overcome this problem, we define a related operator @ip : L*(C) — L*(C)

by

Golf] = (I = Sep)e (]
Theorem 3.2. There are functions HTp,éTp € C'OO((O, o0) x C x (C) so that for all
f € LX(C),

HE 1) = [ Hos, 200 w) du (3.3

and

G,l1(E) = [ Gols, ) (3.4

Moreover, for each fized s > 0 and z € C, the functions w — H.,(s,z,w) and w —
Grp(5,2,w) are in L*(C), so the integrals defined in equations (3.3) and (3.4) converge
absolutely. Also,

(a) Hop(s,z,w) = Hop(s,w, 2) and Grp(s, z,w) = Grp(s, w, 2).

(b) For (s,z,w) € (0,00) x C x C,

0 0
(& + sz) [Hrp)(s,2,w) = (% + Dﬁo,w) [Hp)(s,2z,w) =0

and
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(c) For any integers j, k > 0,

07 _(OF VH,(s,2,w) = O H (s, 2,0) = (OF, VT H (s, 2,w)

Tp,Z TP, W Tp,Z TP, W

and

¥ (OF )G (s, z,w) = HHEG (s, 2, w) = (OF, )G (s, 2, w).

TP,z \—Tp,w ™,z TP,Ww
(d) For all integers j and multiindices «, 3, the functions

o
w —> @Xz UPH,,(s,z,w)

and

I s
w — @XZ UPG.,,(s, 2, w)

are in L*(C) and there is a constant ¢; . 5 so that for R < R.p(2),

Copj _ot8_
||@]XQUBHTP(5 2| ey < Rﬂ]s (14571
and
« Ca, J —aotB_ . _
H&SJX UPG, (s, 2, HLQ(C) < Rﬁjs 3 (1 +s7h).

(e) The conclusions of (d) hold with the roles of z and w interchanged.

(f) For each fized s > 0, w € C, and any nonnegative j € 7, the function z +—

0 G, (8, 2,w) is orthogonal to the null space of Z,,,.

TP,Z
We know S;,(z,w) € C*(C x C) and ﬁTpSTp = STpElTp = 0. Also the decay esti-
mates for S;,(z,w) and R,,(z,w) from [Chr91a] combined with Theorem 3.2 give us the

corollary:
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Corollary 3.3. There is a function H,, € C=((0,00) x C x C) so that

= [ fpls. 2wy du

Moreover, for each fired s > 0 and z € C, the function w — ﬁITp(s,z,w) and is in

L?(C), so the integral converges absolutely. Also,
(a) Hyp(s, z,w) = Hop(s,w,2) and
(b) For (s,z,w) € ((0,00) x C x C),
8 nd a ~# ~
88 +DTPZ [HTP](S7Z7w> - % +D7—pw [H P](S “ w) 0
(¢) For any integers j, k > 0,

D] (D# )kﬁﬂ'p(swsz) D]+kH (S,ZﬂU) (Dfpw)]—i_kﬁﬂ?(svz?w)‘

TP,z \—Tp,w ™D,Z
(d) For all integers j and multiindices «, 3, the functions

o
w — @XZ UPH.\(s,z,w)

is in L*(C) and there is a constant Cj g so that for R < R,(z),

< Oaﬁ]

Mz < R 4T

H 9 XaUﬁHTp(s 2,

(e) The conclusions of (d) hold with the roles of z and w interchanged.

3.3 Properties of OPF Operators

To prove Theorem 3.2, we need to establish properties of OPF operators. We follow the
line of argument for NIS operators in [NRSW89, NSO1]. Since we are working with a

fixed polynomial p, we omit 7p from subscripts when the application is clear.
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Lemma 3.4. Let A, and B, be order 0 OPF operators, and let X = X1 or Xs. There

exists order 0 OPF operators Ay, Ay and By and By so that

XA, = A1 X1 +AX,

B X = X\B, + X35

Proof. We know from results about NIS operators that X? + X2 is invertible with an

inverse K NIS smoothing of order 2. Thus, by Theorem 2.9, we can write
XA, = <XATX1)X1 + (XATKTXQ)XQ = A X+ A X,
Similarly,
B,X = X, <X1KTBTX) X, <X1KTBTX) — X,B, + X, Bs.
0

Corollary 3.5. Let A, and B, be order 0 OPF operators and o a multiindex where
la| = k > 1. There exists a finite set I of multiindices oy, |a;| = k, and order 0 OPF
operators A; and B; so that

XA = Z A; X%

a; €1
B, X"=) X“B
a; €1
Proof. Induction. m

Recall [n] denotes the greatest integer less than or equal to n.

Proposition 3.6. Let a be a multiindex.
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(a) If |a| is even, threre exists order 0 OPF operators A, and A, so that
la|
XC! — DT% AT

and

~ |o

(I—S,,)X* =02 A,
(b) If |a| is odd, there exist order 0 OPF operators Ay, Ay, Ay and Ay so that
lal
X =02 (XA + XoA,)

and

lof ~ -~
(I - S)X* =02 (XA + XoA,)

Proof. Proof by induction. We know from [Chr91la| that [J,, is invertible with inverse
G;p. From [NSO1], and Theorem 1.2 we know ﬁm has a relative fundamental solution

Grp. Grp and G, are families of order 2. Suppose |a| = 2. Then
X =0,,Gp X" = O,,A,.

Similarly,
(I-S,)X*=0,G0,,X=0,A4,.
Now assume |a] = 2k + 2 and X* = XX where |3| = 2 and v = 2k. Using the

induction hypothesis and Corollary 3.5, we have

XX =0,G,X’ X" =0,,B,X"

=0, Z X*B; = 0,0 (Z BaiBi> .

a; el Oéiel
|o; | =2k

Using the fact that I — S, = O,,(I — S,,)Grp and 0,,S,, = 0 the argument follows

~ |l

analogously to show (I — S,,)X® = (0,3 A.. The case |a| is odd follows immediately

from the even case and Lemma 3.4. O



99

Proposition 3.7. Let a be a multiindex.

(a) If |a| is even, threre exists order 0 OPF operators B, and B, so that

lof
XY= B0
and
~ ~ ol
(I —S;p)X*=B.0;.

(b) If || is odd, there exist order 0 OPF operators By, By, By and B, so that
lal
X =02 (BIX) + By Xo)

and

o]

X1 — S) =0 (B1X, 1B Xo)

(c) Alternatively, if || is odd and X = XPX where X = X or Xs, then there exists

an order 0 OPF operator B, so that
181
X*=B03X
Proof. The proof is almost identical to the proof of Proposition 3.6. m

Proposition 3.8. Let X = X, or Xy. There is a constant C' so that if ¢ € C(C),

then for all r > 0

1X ]l 20y < C(r|Ompell 2y + el L2c)

and

IX(I = Sp)lelllzee) < CrllOnpellzae) + 7 lellzz ).
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Proof. First, (I —S,,)[p] and both X (I — S;,)[¢] and X*(I — S,,)[p] are in L?(C). To
see this, we observe that X?p € C>°(C). Also, the Szego kernel is C* (see [Chr91a]) and
the integral is taken over supp ¢, a compact set. Thus, we can differentiate inside the
integral and X2S,,[p] € C*(C). First, note that X* = —X. Then using Proposition

3.7, we compute

1X(T = 5Py = = (X2 = Sp)lel, (T = Sp)li]) < | (Al (T = Sop))|
< AT el = Sl ey < ClBrplelll e 1T = Sep)lelll 2oy

< C(IBmellZz ) + 72N = Srp)ellZzcy)-

Similarly,

X[l 20 = (X), X[0]) = —(X?[¢], )

< (A0 [¢], )| < C(T2||DTpSD||2L2(<C) +7"_2||90||2L2(<C))-
O

Corollary 3.9. Let o be a multiindex. There exists a constant Co| so that if o € C°(C),
then
['51+1
X[l z2(c) < Ca 15, ]l 2oy

j=0

and
['51+1

1X°( = Sep)lelllize) < Ca D I Lol
j=0

Proof. Proof by induction. The base case is Proposition 3.8 and the inductive step is a

repetition of the argument in the proof of Proposition 3.8. O]

We now prove our first Sobolev type theorem.
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Theorem 3.10. Let

1
R.,(z) = inf

R0 [ras, |75

There is a constant C' > 0 so that if f € C*°(C), z€ C and 0 < R < R,p(2),

C « «
sup |f| < = Z RINX |l 2z 2r))-

D(zr) || <2

If f € C>*(C)N L*(C), then

C
sup |f| < = (1 flz2(p@2ry) + BB f | 22(D(2,2R)))

D(z,r)

Also, if f € C*(C) N L*(C) and f N (ker ﬁfp)L, then

C N
sup |f| < = (Hf”L?(D(z,QR)) + R2H‘3Tpf“L2(D(z,2R))>

D(z,r)
Proof. Let f € C*°(C) and z € C. Let x € C*(C), x =1 o0n D(0,1), 0 < x <1, and

X(z) =0if |z| > 2. Let g(2) = f(2)x(z — 20). Then

sup |£(2)] < suplg| < / 9(6)] de
C C

D(z0,1)
1, _1
<N+ €20 201X + 1€ 22
< C(llgllzzic) + MEFPGNz2) < Cllgllrae) + 1289 )

<Y D Fllzo o 2)-

o] <2

A change of variables argument shows

C
su A< = RN D f (2 ; . 3.5
D(ZOPR)lf( )| < R;Q D% f ()|l 22(D(z0,2R)) (3.5)

To pass from ordinary derivatives to products of Z,, and Z,,, first observe that if
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lw— 2| < R < R;,(2) then

tkp 1 01" p - ke—k'
- - — — ~)J _
‘Tazjazk (w)’ ! Z< ~ (= )k — k) 927027 () (w =277 (w = z)
gzi/zi
oItk p / C
3 J'+k
- RJ”“ 0z 82’“' ‘ )| BT s Ri+k’
0<;4'<j
0<k/<k

where C' does not depend on p and R. The proof of the first part of the theorem now

follows easily since 8f( )= Zpf(w) — 7%(w)f(w), which means

)| < 2o+ Gl

and similarly for ‘%(w) ‘ Second derivatives are in the same fashion. For example,

0% f
8207 ") ‘

~ w w w w w w 2p(w
ZTpZTp[f] (U]) - 7-8%(2 ) 8f8(z ) + 7-2 8%(2 ) 8%(,2 )f(w) + Ta%(z )6](;(2 ) + Ta@iéi)f(w)‘

_ C C
< ZnpZegl ()| + FIVL@)]+ 25111

The other second derivatives of f are handled similarly. Thus, every term in (3.5) is
well controlled by Z., and ZTp derivatives. The proof of the latter parts of the theorem

follows from Proposition 3.7 and Proposition 3.8. ]

Remark 3.11. In Theorem 3.10, if %’j(z) = %(z) =0 for j = 0,1,...,2m, then

R.p(2) = p(z, 1), a fact which will be useful later.
Our second Sobolev type theorem is:

Theorem 3.12. If f € C*(R x C) and Brxc((s,2),7) = {(s',7) e Rx C: |s' — 5| <
r?, |2 — z| < r}, then for 0 < R < R(2), there is a constant C > 0 so that

C 27+ aj «a
sup |f|§ﬁ Z Rt @Xf

Brxc((s,2),R) | +25<4

L2(B]R><(C((sz)12R)
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If f € C®(R x C) and f(s,-) € L*(C) for each s, then

C 4 or .
sup |f| < 75 > RO fllia e 2

Brxc((s,2),R) k+j<2

Also, if f € C*(R x C) and f(s,-) € L*(C) N (ker ﬁTp)L for each s, then

C , ok ~
sup |f| < 25 Y RO fllia (e 2

Brxc((s,2),R) k+j<2

Proof. The proof of Theorem 3.12 is similar to the proof of Theorem 3.10. O]

3.4 Proof of Theorem 3.2

To prove Theorem 3.2, we need some a priori estimates.

Lemma 3.13. There are constants C,, g so that for any multiindices o and 3, any s > 0,
and p € C°(C),

IaHIB\

I X*HE (X0 r2c) € Caps™ 2 |lellzae

and

o] +18] H—Iﬁ\

XG5, X elllize) < Cass™ "5 liglazco)

Proof. We first assume that |a| and |3] are even. From Proposition 3.6, there exists an

order 0 OPF operator A, so that

[

G [XPp] = e (1 = 5,,)[X 9] = G, (1 = 55,)[X 9] = G, 0

»

| .
Acp.

i

Hence, we have by Proposition 3.7 and Theorem 3.1 (d) an order zero family B, so that

- ~ 181
1X°GE (X0 |20y = | X — Srp) T G2, [ A0 |12 ()
~ lo| < \5\ - -
= |B.803 05 G2,[4,¢]||12(c)

lol+18]
< Caps™ 7 |lelliz
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The |a| and |3] odd cases follow easily from the even case, an application of Proposition
3.6 and Proposition 3.7 and the following two arguments. One, if X is either X; or X5

then from Proposition 3.8 with r = 53

= ~ L= Xs -1 As
| XGrppllzcy = |1 X (I = Srp) Grpll 20y < C<82||DrpGTp90HL2(<C) + s 2HGTPSOHL?(«:))

_1
< Os™ 2|l 2)

Two, since X* = —X, applying the previous inequality to @ipX ©, we have

1G5, Xy = (G, G2, Xp) = = (10, X3, G, X )
< el IX G5, Ga, X el ) < C572 |0l 20 1G5, X @l 2oy
The estimates for 7, follow analogously. O
Since (X;)* = =X, j = 1,2, we have the immediate corollary:
Corollary 3.14. There are constants C, 3 so that for any multiindices o and (3, any
s> 0, and ¢ € C*(C),

_ lel+18]

IXH7,[(X7) @lllrc) < Caps™ 2 Nz

and

_ lel+18]

1G5, (%) lllzae) < Caps™ 2 Il 2oy

Lemma 3.15. For s > 0 and f € L*(C), H)[f] and G5,[f] are C=(C). Given a
multiindex v, there is a constant Cjy so that for z € C and R < min{R,,(z),1} where

R.,(z) is the constant from Theorem 3.10,

ol

XTHf1(2)] € CpR™'s™ 3 (1457 f o
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and

i}

X0CA1(2)] < CBR s 3 (14 57l

Proof. We can find ¢,, € C2°(C) so that ¢, — f in L*(C). It follows immediately from

Lemma 3.13 that XVH2 [f], X7G2,[f] € L*(C), and
XTH7 [on] — XTHZ [ f]
and
XG lpn] — X7G3 [ f]
in L?(C), hence
1X7H, Al z20) < ClB5™ 211l z2(c)

and

S Ll
1X7G3, [ flll2c) < CryiR™'s™ 2 || fll 2y

From these inequalities, we can show that all Z,, and Z,, derivatives of H; [f] and
Gf_p[ f] are in L?(C). To pass from L?-bounds of Z,, and Z,, derivatives to a local
L?-bound for ordinary derivatives, we can repeat the argument of Theorem 3.10. Thus,
H? [f] and Gip[f] are C*°(C), and by Theorem 3.10,

C
sup [XVHE[f]| < 5 > RYX X H (]l

Dz R) <2
C _lel+hl
< = Z s 2 || fllzeo

o <2

il

SCyR™'s 2 (14 s Yl
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Similarly,

s 1 Nl _
S [ X7GEfl] < CyR™'s™2 (1457 )1l 20

Recall the following standard fact.

Lemma 3.16. If 21 — 02 f(x1,22) and x5 — 0% f(x1,22) are in L},

(R™) for all mul-

tiindices o, then f € C*(R" x R™).

Proof. Smoothness is a local property, so we can assume f has compact support. Then
92 f and 82 f are in L*(R™ x R") for all multiindices a and 3. By the Plancherel

Theorem, if £ and 7 are the transform variables of x; and x5 respectively, then

102,02, f | 2o xzmy = cl®n® Fll 2@y < ll (€177 + 10]**P) fll 2nxzmy < 0.
The result follows by the Sobolev Embedding Theorem. [

Proof (Theorem 3.2). For z € C and multiindex «, Lemma 3.15 shows that the func-

tionals on L?(C) defined by
f(z) = 0"H,[f1(2)
and

f(2) = 0°G3[£1(2)

are bounded. By the Riesz Representation Theorem, a consequence of these facts is the

existence of functions H%>*(w) and é‘lj‘l’f’z(w) so that

O H3(f1(2) = [ By () (w) du

C
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and

oGl = [ G fw) du.

Define H? (s, z,w) = H%%*(w) and éi‘p(s,z,w) = éfj’z(w). Also set H,p(s,z,w) =
HY (s, z,w) and Gry(s, z,w) = GY,(s, z,w). Then H2, and G2, are functions on (0, o0) x
C x C with the property that w +— HZ (s, 2, w) and w — éfp(s, z,w) are in L*(C). Thus,

we have
z) :/(CHTP(S,Z,U))JC(UJ) dw (3.6)

and

G 11(2) = /C G (s, 2 w) f(w) duw, (3.7)

and for every derivative 07,

o (/ H, (s, z,w)f dw) / (s,z,w)f(w)dw
o

and

o2 ([ Gatsrzvunfwran ) = [ Gz w) o

We will show that 0% H,,(s, 2,w) = HZ (s, 2,w) and 900G (s, 2, w) = éfp(s,z,w). To
do this, we use the Schwartz Kernel Theorem. Let ¢,v € C*°(C). By the Schwartz

Kernel Theorem,

(02 H2, W], ) = ((—1)HHE, [0], 02¢)e = (1)1 HE,, 9 ® 020)cxc

= (02H?,, ¥ @ p)exe = ((07H,)[V], o)c.
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Thus, we have shown

07 Hyp(s, 2,w) = HZ (s, 2, w) (3.8)
and

G rp(s, 2,w) = C?i‘p(s, Z,W) (3.9)

in D'(C) and w +— 0% H,,(s, z,w) and w — 0°G,(s, z,w) are L*(C) functions.

Next, we know that H7 and éip are self-adjoint, so

/ @_/¢ T Tl (w) duw

and

L@[ @—/w G o)) duw.

As an immediate consequence of these equalities and (3.6) and (3.7), we have

// (s, 2, w)Y(w)p(2) dwdz = // (s,w, 2)(w)p(z) dzdw

and

[ [ tataion - [ [

It follows that H,,(s, z,w) = Hp(s,w, z) and G,p(s, z,w) = m, conclusion (a).

As a consequence of (a) and the fact that w +— H?,(s, 2, w) belongs to L*(C), z —
H? (s, z,w) belongs to L*(C). By equations (3.8), and (3.9), it follows that every z
derivative also belongs to L?. Thus by Lemma 3.16, H,,(s, z, w) and éTp(s,z,w) are

C*°(C x C) for fixed s > 0.
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Next, S Tpﬁ]%pe_sﬂp([ — Srp) = 0 and S;, is self-adjoint, so it follows that for all
@, € CX(C),
/ / TPZ ; S z w)90<w)57'p[¢](2) dwdz = 0.

Hence for fixed s and w, S,,[ . Gp(s, -, w)] = 0. thus, z — 7 _G.,(s, 2, w) is in the

Tp,% Tp,2

compliment of the null space Z,,. This proves (f).
We know [V, H?, = H? [ . The implication of the self-adjointness of O, is that

on the kernel side,

OV Hop(s,z,w) = (OF VY H.,(s,z,w).

D, D, W
From this, (c) follows quickly because OVI*H? = [0 HZ (0% . A similar argument
shows DTPZG o(s, z,w) = (07 VGop(s, 2z, w) which finishes the proof of (c).

TP, W

™

Next, by Theorem 3.1 (e), (& + O,,) [H2,[f]](2) = 0 and (% + ﬁ7p> [G’ip[f]] (2) =
(£ +0,)I — Syp) [e‘saw [f]](z) = 0. Fixing z € C, integration against test functions

n (0,00) x C shows that in D’((0,00) x C),

' <<§ * Dw) [H 1] (=), 90>
- //(o,oo>x<c (% " D””’Z) w :

Similarly, ff(o OO)X(C(% 4+ 0,2 )Gop(s, 2, w0)0(s, 2) f(w) dwds = 0. Thus, 2 H.p(s,2,w) =

-0, H7p(s, 2, w) and %éw(s, Z,w) = —If!Tp7zéTp(s,z,w). Then we have
82 0 0
H, (s, z,w) = £DTP7ZHTp(s,z,w) = —DTP,Z%HTP(S,Z,U)) 02, Hep(s, 2, w).

82

Tterating this argument shows (with an identical argument for G, (s, z,w))

Jj
0 H

5 Hools,2,0) = (1PTY, Hoy(s, 2, w) (3.10)

TD,2
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and

o ~
%Gm(s,z,w) (1), .G.p(s, z,w) (3.11)
s

TP,z

We know, however, that (07, H.,(s, z,w) and ﬁlwém(s, z,w) are both L% ((0,00) x
Cx C). As before, this is enough to show H,,, éTp e C™ ((O, 00) x C x (C). In particular,
(3.10) and (3.11) hold in the classical sense, so (b) is proved.

For o, 3, and j, Lemma 3.13 shows that there is a constant C, 3 ; so that for ¢ €
Ce(C),

_lal+18l
< Caps™ 2 el

Xory He [Xﬁ H
H pttTp [80] L2(C)

and

+
<C P
ey < Cnss™ F gl

brect ]

™ T TP

Then by Theorem 3.10, for R < R;,(2),

o . s C 6% S
sup | X0, Hy, [X7[g]] | =R > RMHX HDJTPGTP[ MHLQ(C)
D(z,R) [v[<2
C _ot8_. _
<557 (14 sTlele

Similarly,
arj s C 7M7j -1
sup | X°0 G2 [ X)) | < 77 (1+s7)llellzze
D(w,R)
Also, since H,(s,z,w) € C*((0,00) x C x C),
X, 1z, [XPy] /XaD (5,2, w) XPo(w) dw
/XQUBDJ (8, 2z, w)p(w) dw

- /8 JXO‘UﬁHTp(s z,w)p(w) dw.
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From the reverse Holder inequality and our previous estimate,

y

and similarly for %XZO‘(Xw)ﬂéTp(s, z,w). This is (d) of the Theorem. From (a), we can

0

957 —X°UPH,,(s,2z,w)

2 3
dw) < —Coju’f’j _7_j(1+3_1)

interchange the roles of z and w to prove (e). This proves the theorem. ]

3.5 Fundamental Solutions for H., and 7'~l7p on RxC

3.5.1 Distributions on R x C

3.5.2 A Fundamental Solution for H,, and a Relative Funda-

mental Solution for 7:l7p on R xC

Define distributions HZ,, HZ , and @ip on R x C by

TD? D)

Definition 3.17. For ¢ € C°(R x C), set

e—0

H? ) = hm/ / (s, 2z, w)Y(s,w) dwds,
e—0

HZ,, ) —hm/ /HTps z,w) (s, w) dwds,

and

p,w —hm/ / (8,2, w)P(s, w) dwds,

e—0
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The kernels of these distributions are

H,,(s,z,w) ifs>0
H2, (5, w) =
0 if s <0
\
( ~
5 H,,(s,z,w) ifs>0
HTp(S’w) =
0 if s <0
\
and
~ ém(s,z,w) if s>0
GTp(s,w) =

—Sp(z,w)  ifs <0

For the last equality, it is helpful to recall that @Tp(s, zZ,w) = fITp(s, z,w) — Sqp(z,w).
Also, to prove that Gip exists, it is enough to show that ]:pr exists.
We are going to use Theorem 3.1 and Theorem 3.10 to obtain pointwise bounds on

e f — f] and |e=*Frg — g].

Lemma 3.18. There is a constant depending only on the degree of p so that if f €
Dom([7,) and g € Dom(ﬁip) for j < 2 then for any z € C and 0 < R < R,p(z) and

z € C,

sup_ [ () - e B {fl(w)] < O3 (RIO [l + RO Flisc)
D(z,R)

and

—sfhhp s ~ ~
sup_[g(w) — e~ [g)(w)] < O (RSl + BN e )
D(z,R)
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Proof. Let g € Dom(C},), 0 < j < 2. Let § = (I — S,,)[g]. Then § € Dom(C,),

0 < j < 2. Using Theorem 3.1, we have

G—e DG =(I=58,,)9—e (I = S,,)[q]

=g—e gl — (e S, [g] — Srpla]) = g — e [g].

Thus, by Theorem 3.10 and Theorem 3.1 (c¢) and the fact § — e—5C g is orthogonal to

ker(d,,), we have

sup |g(w) — e [g)(w)| = sup |g(w) — e [g](w)]
D(z,R) D(z,R)
<C= Z R¥||0,13] = O, le ™G] e,
ol
— 2 —J
= EZR]H [Dipg]Hp(@
=0
<02 RIE
=0
A similar (but simpler) arguemnt shows the analogous result with [J,,,. O

Lemma 3.19. For each z € C, the limits H?,, HZ,, and éjp exist and define distribu-

D’ D’

tions on R x C.

Proof. Let ©» € C°(R x C). Then there is a closed, bounded interval I C R and a
compact set K C C so that suppy € I x K. Set ¥4(z) = (s, z). Then {9} C CX(R)
with each element having support in K. If 0 < €; < €3, then

/62 H,p(s, z,w)Y(s,w) dwds = /62 e~ D) (2) ds

€1 €1

= [Tl v s+ [Cuts )

€1
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From Lemma 3.18 and Hélder’s inequality, we have (with R < R,,(2)),

(s, z,w)(s, w) dwds

€
<Cy 223”/ 05 el 2y ds + exlll oy
0

3
2
< 2 Z ||D]Jrl V]l z2@xcy + €2l[¥]| Lo mx)-

These last terms go to 0 as e; — 0, so the limit defining HZ, exist. Similarly, the limits

defining ﬁfp and @ip exist. O
Theorem 3.20. In D'(R x C),

(0, + 07

TD,w

JHE) =06 ®0, and (0, + 0% ) (HZ) =6 @6..
Proof. Let ¢ € C°(R x C). Then

(0, + 0%, ) (HZ,), ¥) = (H,, (=0, + 07, ,)¥)

= —lim/ /HTP S, 2, w) 05 (s, w dwds—l—hm/ /HTP s, 2z, w)Orp wt(w, s) dwds.

e—0

Since s is bounded away from 0 and H,, € Coo((O, o0) x C x (C), the first term yields

// (5,2,w) (s,w)dwds
/83/ (s, 2,w) Swdwd5+// (8,2, 0)Y (s, w) dwds

/ »(€, 2, W) ewdw—l—/ /8 H, (s, 2z, w)(s,w) dwds.

Also,

/ / (5, 2, w)Orputh(s, w dwds—/ / # oHop(5, 2, w)0(s,w) dwds.
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Using Theorem 3.2 (b) and adding our equalities together, we have

/OO/ —H (s, 2,w)0:¢(s,w) + Hrp(s, 2, w)Orp ) (s, w) dwds
€ C
— / H, (e, z,w)(e,w) dw + /OO /00(85 + Dj;w)HTp(s, z,w)Y(s,w) dwds
C € C

= / H, (e, z,w) (e, w) dw.
C

Hence

<(a$ + Dfp,w)[ij]’ 1/}> = lim HTP(€7 2 ’lU)@Z)(E, U)) dw

e—0 C

=lime [ ](2) = ¥(0,2) = (6 ® 0., 1).

e—0

The identical argument shows (0 + ﬁfnw)[ﬁf_p] = 0g X 0.



76

Chapter 4

Estimates on Hry(s, z, w)

In this chapter, we prove Theorem 1.3, the result concerning pointwise estimates of
| XIUJH.,(s,2,w)|. We begin the chapter with a study of how the heat kernel behaves

under scaling.

4.1 Scaling and the Heat Kernel

The structure of [, is critical in this section. Expanding U,,, we have

B 0 dp 0 dp
= (az +Taz> (82 T&z)

0? 0%p ,Op Op op o Op0
_ 9p 9p 41
920z " T0z07 awﬁT( ) (4.1)

020z 0z0z
op 0 op 8)

(4.2)

2 81’1 81’2 B 8x2 8[)31

1 1 T2 9 7
__ZA+ZLTAP+Z‘VP| _|__7—(
Let po(w) = p(w) and fix zy € C. Let pi(w) = po(w + 2o).

Proposition 4.1.

H.po (s, 2+ 20, w + 29) = Hrp (5,2, 0).

Proof. Fix zy € C/ Let A, [f](z) = f(z — 20). A., is an isometry on L?(C), and



7

2

Honlf1() = =380 () + 2 Aol + ) () + T Vml= + )P (2)

) 0 0 0
57 (%( + zo>8—gi<z> - a—ﬁw Zo>a—i<z>>

— A7 = —Af(z — ) + - Apo( Vf(z — 20) + %|Vp0(z)|2f(z — )

20

7 apo 8f 51’0
57 (s 20>—a—$2<z>8—$1<z—z()))]

= A Hepy Aso[£1(2).

Also, if ¢ € C2°(C x R),

Az_ol<50 & 52>Azo¢(87 w) z01¢(0 2 ZO) TP(O Z)>

and
Az_ol((SO & 5z)Az077Z)(S’ w) = AZ_OIHTPO / / HTpO (87 2, ’LU)@Z)(S, w — ZO) dwds
C
> 0
= A /0 /C <8_ + DTPO 2 ) Hopy (8, 2, W) (s, w0 — 20) dwds
Y A 0
= AZO 0 <a_ Tpo w Tp0<37 Z, w)w(sa w — ZO) deS
= AZ_ol / / ( Tpl w TP0<S <, w + ZO)w( - ZO) dwds
0
- /0 / <3$ + Dfm w) Hipo (852 + 20, w + 20)¢(s, w0 — 20) dwds.
Thus, H,p, (s, 2 + 20, w + 20) = Hrp, (8, 2, w). O

The same idea but longer calculations (which we will show) prove:

Proposition 4.2. If zy € C and
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then

H_ (s, z,w) = e T iy (s, 20, w).

Proof. Let U.[f](s,w) = €™ f(s w). We use the following facts: 7" is harmonic in

cach variable (so 2L = (),

Owow
8p aT i . j—1 k - ap;
aw( ) Zaw(wVZ) - Z]a]k(w Z) (w ’2) - aw (U)),
7,k>1
and
6p (9T - 2 j k-1 _ ap;
%(w) z%(w,z) = Z kaG(w—z)(w—2) = %(w)
JEk>1
We compute
U.Hrp U f(5,w)
o7 " P
= W) 4 U = SO (U (5,w) + o P () (5, 0)
S - opr 0 R
72 [T U ) b 7 (P (O ) - f(s,w)))]
= o) = L (o) 4 2 P ) 0L ) 0) 4 i (1, 2) O (5,0
2

110 10,92 (o) + 7 2P (w0 + 72 [ 2 s, + 7122 0,9 2L (o,

2 PO oy 2 (s, ) — 7 O 0, 2) OF (s w) 72 PO ) 5, )

9] 0? 0?

= W) () 7 L ) s,

ow ow
op1  .0T af Op1 oT of
”((aqﬂ“aw( >) a0 <8w_ (W Z>) 8w>

= Horp; [f1(s, 0).

g <8p1_ aT(w,z)) (%‘)14- ;i(w,Z)) f(s,w)

Observe that

Uz_gl(50 X 52>Uzo¢(87 w) = Uz_o1<Uzow(07 Z)) = ¢(07 Z)
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Using that H, =0 Uz, = Uz Hrp, implies UZOHf;zO H# U,,, we have

™1

U (Hop HP(s, ) UL 2 = U / / (g+DTPI,Z)HTM(S,z,w)Uzzp(s,w) dwds
0o Jc \0US

/ Hoy (5, 2, 0)U. (s, w) duwds
)
]

- Yz

o0 8
il #
| G+t

0
=U; H,p (s, 2z,w) = 5 + DTPNU) U. (s, w) dwds
—i7T (2,2 T (w,z0) 9
= e 2V (5,2, w)e 20 <_ s + DTm’w>¢(s, w) dwdw
s
/ / —irT(z20) 83 + Dfm w) ( Tz [y (s, 2, w))¢(8, w) dwds.
Thus H_ 20 (s, 20, w) = e w20 H_ (s, 20, w). O

Let Thtp(s,w) = A29(A%s, \w) and Th f(w) = A f(Aw) act on functions on RxC and C,
respectively. In either case, T} is an isometry on L2. Our final proposition in this section

investigates conjugating H,, by Th. Let ¥, (s,w) = (A%s, \w) and fy(w) = f(Aw).

Proposition 4.3. If p3 = pa(2/)\), then

% o (5/02, 2/ A w/N) = H, (s, %),
Proof.
T T (s, 0) = N2 | 2 ) = T () g O 5 )
22|22 oy 4 (22 o) - §5<w>g§<s,w>)]
eyt v%ws, ) — N2 a‘fgw(vs, ) + A%% 8%”@ () F(A25, Aaw)
a2 igp 2f(>\25,>\w)+)\27(/1\gp( )2£(A Aw)—ig(w);{)(v’s,xw)”

(w) f(s,w) 4+ 72

— )\2 laf (3 )_ aZf ( )+ 62p>\—1

s owow Y T T dwow

. <8giul (w) 8f( ) — 822}:1 (w)g{;\(s,wO] = NHqrp _ [f](s,w).
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Thus we have

T Hepy = N H T3

Next,
T (00 @ 6:)TH[f] = T f(0,A2) = £(0, 2),

SO

Ty 160 @ 8.Th[f] = N°T 1HTp2/ / (8, 2,0) (A5, \w) dwds
= \N*T / / ( + fo@) H,p,(8,2,w0) f(N%s, \w) dwds
= / / + Dfm)HTpQ(s, z,w) f(A%s, \w) dwds
/ / ( + Dfm) H.p, (8, 2,w) f(s,w) dwds

= \N2T¢ / / (85 + D# ) < U H (s, z,w))f(s,w) dwds
:/0 /(C<%+Df;§) %ng(s//\z,z//\,w//\)f(s,w) dwds.

The conclusion follows immediately. O]

4.2 Pointwise Estimates for |H,,(s, 2z, w)|

We first show that |H,,(s, z, w)| has Gaussian decay. To do so, we will find it convenient
to work in real variable notation instead of complex notation. As such, let x = (z1,x2)

and y = (y1,y2). Our first goal is to prove:

Theorem 4.4. If e [f](z) = [ H.p(s,%,y) f(y) dy, the heat kernel H,(s,x,y), sat-

1sfies the estimate

1 lz—y|?
H. < e
[Hopls,0,9)] < —e”
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Proof. We will use the Feynman-Kac-It6 formula from [Sim79]. Let dz be Lebesgue
measure on R? and let (B, B, dP) be a measure space of sample paths for a 2-dimensional

Brownian motion b(s). Let du = dP ® dx be Wiener measure on B x R? and let

N Oxy 011

w(s) =z + b(s). If we let

and

V() = ZOp(a),

then for f € C?(R?),
%(—iV—a)2f+Vf: —%AH%(V-a)f+za-Vf+%|a|2f+Vf.

But V-a = 7(— 522 + =22y = 0 and i|af? = 172|Vp|?. Thus,

" 971014 011012

1
5(—ZV — CL)2f + Vf - 2D7p7

so 200, is the quantum mechanical energy operator for a particle in a magnetic field

with vector potential a(x) and electric potential V. The Feynman-Kac-Ito formula for

for f,g € C*(R?) is

(e 1.0) = [ "o 5w (s) T d (4.3
where

Fls,w) = —i/osa(w(t)) - dw(t) — 5/Os(v-a)(w@))dzs—/os V(w(t)) dt.

b(s) has 2-dimensional normal distribution with covariance s, so we can rewrite (4.3) as
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follows:

I s £ duds = [ ) o))l d
= [ Bl plet)altm) da
= [ BIBE e Fol )G (0) = a.(s) = o] do
:/ E[E[e")|w(0) = z,w(s) = y]] f(y)g(x) dz

F(saty) f 45 gy
2W// Flo +yate ¥ dyds
oF(sw) l=—o)® dud
o [ a5 dyds

lz—y|?

Thus, H,,(2s,z,y) = eFe¥e "2 for some F(s,y) satisfying [e¥¥)| < 1. That

leF(=v)] < 1 follows from |eF(5)| < 1. -

A critically important fact about the Feynman-Kac-I1to formula is the requirement
that V"> 0. When 7 < 0, V <0, and the argument from Theorem 4.4 fails. Even if we

Vw®)dt o term that we would

could use the argument, the real part of ef(«) is ¢~ Jo
expect to be very large. Qualitatively, Feynman-Kac-Ito is the wrong direction to push.
In fact, since it is equivalent to study the 7 < 0 and U, or 7 > 0 and E]Tp, an analog to
Theorem 4.4 must fail if 7 < 0 because lim, o H,p(s, 2, w) = Srp(z, w).

We now turn to proving a large time decay estimate for H,,(s,z,w). Let P?*™ be
the set of degree 2m polynomials whose coefficients (in absolute value) sum to 1. We
can identify the set of polynomials of degree 2m with R" for some n, and under this

identification, P?™ is identified with the unit sphere, a compact set. Having constants

depending only on P?™ is essential for estimates obtained through scaling.

Theorem 4.5. If e*57[f](z) = [ H,p(s, 2, w) f(w) dw, then there exist constants C



and Cy which depend on the degree of p so that

le

S

u(z 12 .

|Hp(s, 2,w)] < —
Proof. From Proposition 4.1, there exists a polynomial p;(w) = po(w + 2) so that
H,,(s,2z,w) = Hrp (5,0,w — 2),

so we can reduce to the case of estimating H,, (s,0,w). By Proposition 4.2, for
= Z a?kwju_)k,
Jk=>1
we have

eiTT(w’O)Hml(s, 0,w) = Hpp,(s,0,w),

83

so it is enough to estimate |H,,,(s,0,w)|. po(w) has the property that (?;ﬁf 0) =

ozk
since
Ty ﬁ gz;ﬁ (0)| 27Z*A77F = 7A(0, (0, 1)) ~ 1.
g k>1
From Proposition 4.3,
1

H.p (55,0

ﬁ sz()\za a%) = HPS(S,O,QU).

2p2(0) = 0 for all k. If we set A = n(z,2)7" and ps(w) = pao(¥), then ps € P>

We now estimate |Hp, (s, w,0)|. Let h(s,w) = Hy,(s,w,0). Then % — Z, Z,.h = 0, so

oh —
= Lp, L
s f

Let g(s) = [.|h(s,w)]?dw. From [Chr9la], ||fllr2cc) < ClZpsfllr2@cy where C' =
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C(P*™), so

(Cdi; sw))dw

2Re/ ah( w)h(s,w) dw

—2Re/7p3Zp3h(s,w)h(s,w) dw
:—2/’2 hsw‘ dw

< _C/c !h(s,w)|2dw = —Cg(s).

Since g(s) > 0, Zl((ss)) < —C, and integrating from § to s, we have

g9(s) < g(§)e > <G

where the last inequality follows from Theorem 4.4. The constant C} does not depend
on p3 (or P*™),

Next, e~*Mrs is a semigroup, so e 25rse 25 f(2) = e=*Drs f(2).

_SDPSf / (s,z,w)f(w) dw,

and
e isem3 p3f /Hp3 3, z,v)e” 2 ”3f dv—//Hp3 5,2, 0)Hps (5, v,w) f(w) dwdv.

Thus we have the reproducing identity

H,,(s,z,w) / Hy,(5,v,w)dv,

and an application of Cauchy-Schwarz yields

|Hyps (25,0, w) (/ | Hpy (s O,v)}2d11>2 </ |Hp3(3,v,w)‘2dv)2
C

<0<

S



85

b

Undoing the rescaling shows |H., (1(0, %)2870““(0 L)w)| < QM 1_oCoe g
C, - s
|H7p2(8,0,w)| < e CQW’
s

and

c, _ s
|HTP(87 Zs w)| < —16 CQ“(ZJ/T)Q.
S

The motivation for using ¢'(s) and the reproducing identity was [Fab93].

4.3 Derivative Estimates

The derivative estimates are proven in a series of lemmas. The most accessible case
is proven first and each successive lemma builds on the previous calculation. Each L?
estimate at one step is used to prove a pointwise estimate in the next. Define the decay
term D(s,x,y) to be

xr— 2 —
D(s,z,y) =€ i O (4.4)

where (5 is the constant from Theorem 4.5. Also, let

I.(s) = (s —r?,s) and Q.(s,z) = I,(s) x D(z,7).

Proposition 4.6. There exists C,, so that for 0 <r < \{ZT),
O"H. C

= <

s L2(Qr(s0,90)) 50

Proof. We have
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O"H. 2 o 9 1/2|2
‘ 0 T2 (-, 20, ) :/ (/ > —2(s,20,Y) dy> ds
S L2(Qr(s0,y0)) I-(s0) D(yo,r) S
O"H. 2
B / Sup o np(S,xO,y)go(y) dy| ds
In(s0) | #€C(D(yg.r)) s
el 2=1
o 2
- / sup = H ] (wo)| ds. (4.5)
Ir(s0) | #€CE°(D(yo,r) asn
lell 2 =1

The key to the proof is that 2= H? [](z) satisfies (& + O,)2-H.p(s,x,y) = 0. By
Lemma A.1 and Theorem 3.1 (d), estimating an arbitrary term from the supremum in

(4.5) yields

1/2
o C " ?
— _H? < gt
)| < 5 ( L Jaatslaw dmdt)
1 2 1/
<¢ Dt ||
r2 osm P
I\/ﬁr(SO) L2

s0 1/2
/ = dt) < (4.6)

0— 2T2tn

<9(
<

Putting (4.5) into (4.6), we have

n 1/2
‘ ’ ]—{Z—p<'7 05 ) < ¢ </ 212n d5> = gn
Os L2(Qr(s0,y0) I(s0) 7750 S0

]

Lemma 4.7. Let ny, ny, n3 > 0 and n = ny +nqe+ns. Then there exists C,, > 0 so that

anl n. C?’l 1
’83"1 Tp(E(Df:py) 3HTP(S>x7y)‘ >~ Sn+1D(S7I,y)2
0

Proof. Since H,, satisfies (% + Orpe)Hrp(s,z,y) = 0 when s # 0 or « # y, it is enough

to show the estimate for H,(s,z,y) = %Hm(s,x,y). Proof by induction. The base
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case follows from combining Theorem 4.4 and Theorem 4.5.

C' eyl Oy s
|HTp(S x y>| < |HTp(S z y)| |H7'p(8 X y)|% S S - 23\ e 02;1.(1,1/7-)2.

Assume the result holds for H,_;. Let r = ‘{?. Let ¢ € C° (Qgr(so,yo)) where

_ oY
=1,0<¢ <1, and 2¥ < &

4. We can use Lemma A.1 because if s > 0,

Qr(s0,y0)
H,_1(s, z,w) satisfies H,H,,—1(s,z,y) = 0. Using Lemma A.1 and Proposition 4.6, for

r >0 and Q = Q2(s0, Y0)
2
dsdy)

D=

O"H.,
osm

p(807$7y0 (S x y)

<21

<= 2 ( i dsd
o (//RXC os” . 7y) Osm (S,I‘?y)w(s,y) S y)
1
C 8n+jHTp an—j¢ 2
C n 1 8n+jH7.p b
= ||HTP('7I7')||L2(Q)jZOCJT o || ge F) LQ(Q)]
CT , (1 1 1/2
C,D 3 (1 1 )
< _M L) 2 G i
" 54 S0 rnsg 50

Integrating in s gives the immediate corollary:

Corollary 4.8. Let ny, ny, ng > 0 and n = ny + ny + ng. Then there exists C,, > 0 so

i

that

om .
T (O, ) oy s 2.)

Lxc)y S
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Lemma 4.9. Let o be a multiindexr and j > 0. Then there exists Cjo; > 0 so that if

1
R= min{‘{‘?, “(IZ’T)}, then

Claf

3,
4

‘Xg(lj# )jH.,-p(S,:L‘,y)‘ + ’Dj UaHTp(S,:L‘,y)‘ < D(Svl‘an)iR—%m‘s_ila"

™Y ™TTY R% s

Proof. Tt is enough to bound |U20,,  H.p(s, z,y)| for a fixed 29 € C. In fact, we can

Tp,x

even assume that 52(z) = $2(zo) = 0 for all n by Proposition 4.2. This means if

ly — xo| < pulxo, 2),

(4.7)

OS] € A o 1) ~

— —————— 7\ (0, (g, ) ¥ —————
D219z | = pu(o, 7)+k 0 p(xo, 1)
Let R = min{‘l/—g7 1i(20, 1)}, Also, fix s and let g(y) = 07, . H,,(s,20,y). Let D stand

for 2 or 8% Then from Thereom 3.10, if ¢ € C2°(D (o, R)) with 0 < ¢ < 1, [DFg| < 24

for 0 < || < 2, we have

Uygw)l < > R e2UL US| 2o (4.8)

I81<2

Then

I3 U U gl < (UfUs 9, 0ULUSg)
— (9. Ujvs (vUUg9))|

= ) tum (9, (Do) U;*U, U;“g)
Iyl vzl=lel+5]

1 (0%
< Z 2 191 L2(D (20, R)) Tl 1U2UPUS gl 2D (o, ) (4.9)
[v1|+[v2|=|e|+|B]

Next, from Corollary 4.8, Proposition 3.7, and Theorem 3.1, for some OPF operator of
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order 0 B,, we have the estimate (note the complex conjugate in the first inequality),
||UJ2U5U;g”%2( (z0,R)) > (X’mXﬁXag’X’Y?XﬁXOC >
= (3. Xp X)X XPX[X79)

< Mgl 2o 1 B- 710G 2y

C
< peve s (2 +Bl+al+3) (4.10)

Plugging (4.9) into (4.10) gives

1 a— 1 1 a .
||902X5Xy9||%2(© < Clg(y)|R Z v TS LIyl +18]+|al+1+25) (4.11)
[v1]+|ve|=lal+|B

Using the fact that R < /s and inserting (4.11) into (4.8), we have

1 X0g(y)| < C‘a' ST RAgER: Y sTahelsaR) ‘1 ‘

il

181<2 l+hzl=lal-+16] R

¢ :
< l';' (s,20,9)% Y S Rl il
Ragati
IBI<2 1 [+ 2 =lal+8]

Clag

1o Ly 1
-D(s, xo,y) TR 2l s 1lol,
J

]

1 (©F,) Hrols ol CAE

’m’.>HL2(C HTP(S"%.’.>HL2((C)

Proof. Using the estimate from Lemma 4.9, if R = then the result follows by direct

16’

calculation and a simple change of variables. If R = i,u(x, %), then we use the fact
x 1 ‘7 . . . .

that D(s, z, y)i < C;D(s, x,y)é (MTT)Q) for any j > 0. With this estimate, the result

follows immediately. O]

The final lemma we need is:
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Lemma 4.11. Let o and 3 be multiindices. There exists Clqp 5 > 0 so that if R =

1
\{?7 ij”}, then

min{

1 . .
| X5 X Hpp(s,2,y)] < OIaI,IBI—R§ SR T D(s, )2,
188

(SIS

Proof. As in Lemma 4.9, we may assume that 32 (z0) = 5-2(z,) = 0 for all n so by (4.7)

& tFp ( 1
92075 | ¥ (g, Dyt

Fix s and zg. Let y € D(z,R). Let ¢ € CX(D(zo,2R)) so that ¢ Do) = 1,
zo,
0 < ¢ <1and |D%| < ;"‘;H. Let f(z) = XJH, (s, x,y) and g(x) = X3X H.p(s,2,y).

From Theorem 3.10,

C 1
(o)l < 5 > R7le2 X9l 2o,

[v1<2

Next,

e X20l3e, = (XiX2 £ 0X79) = | (£, X2X2 [X20])]

= > enn|(£ DX X))

yil+hzl=lvI+lel

1
< a1l 200, ) 7 1K X2 9l 2.
[v1]+|vel=lv|+]a

Using Proposition 3.7 and Corollary 4.10, for some order zero OPF operator B, we have

X12Xg 2 = XX XOf XP2XTXYf
xz “xJIIL2(C) z z
= |(r XXy x|

< 1 Fll 2ol BOS 1| 2y

< Clafshyihaligys~ 21D sz (B Dlal=hl=ln|

= C\a|+|’vl+h2|+lﬁlS_W_l_lal_hl_'w‘-
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Thus, since || f|| .2(p(zo,r) < C|f(20)|R

| ('170 | < C\a| \ﬁ| Z Z }%Wlfg_m —*(‘,3|+1+|04|+|"/|+|’yz\)|f< >|%R%

\v\<2 [v1l+]v2 =]y |+l

Y YRR sl e S R D(s, 2, y)

[YI<2 [y1l+|vel=lv]+]el

00—

<C
= \aly\ﬂlR% :

1 lal o] Bl _3
<Clup——sR s 1R 15 s/
Rigs

As a consequence of Lemma 4.11, we have:

Theorem 1.3. Let n > 0 and Y* be a product of |a| operators Y = ZTp or Z., if acting

in z and (Z,,) or (Z,,) if acting in w. There exists constants cy,ca,c3 > 0 so that if
T >0,
o 1 z—w® —

—Y%*H_ (s, z,w)| < c;————e 2 s ¢ “(21)2
Osm (s, 2,w)| < U gntilal+1

Proof. The theorem follows Lemma 4.11 using the argument of the proof of Corollary

4.10. [l

Using Theorem 1.3, we can integrate in s and recover estimates on G,,(z,w), the

fundamental solution of [,

Corollary 1.4. Let G,p(z,w) be the fundamental solution for D;pl. There exists con-

stants C1,Cy > 0 so that if T > 0,
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Proof. We just need to integrate in s for the estimate. Let 0 > 0. Then

i lo=yi? ool—i
/ »(8, 2,y d3</ —e ds + / —e P ds=T41]I.
o S 5 S

To estimate I, we let t = cp=— le=yl® yl SO —% dt = %ds and

If 02% <1, then

! 1 | )
I — / Zetdt +/ Zetdi < C <log <—) n 1) .
eplazui? t Lt |z — y|?

Also, if 02 > 1,

oo z—yl2 o—y|2?
I< b / e tdt = 0—6 B < Ce—F-

z—y|? g2 —_ |2
02% er 2=l |z —y

To estimate I1, set t = Cgm, and we have

o

If C3 5 Ty < 1, we have

1)

1

1 ¢ 1 —t ,LL(I’, _)2
= — — < [ T7 .
17 /c - dt—l—/1 n dt C’(log( 5 )—i—l

Also, if cgu(m‘;)2 > 1,
-1 > 1)2 —c3 —c3—9%
17 S <C3L12) eit dt = %6 u(z, 7)2 < Ce M(I,%)Q .
M(l’7 ;) c3ﬁ
Setting 0 = lz=yl yields the result. 0

p(w, 1)
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Appendix A

Kurata’s Subsolution Estimate

The goal of this appendix is to prove a version of the subsolution estimate from [Kur00].

We will prove:

Lemma A.1. If (s9,20) € (0,00) x C and u(s, z) is a C* solution of

ou

%‘FDTpU’:O

on Qa-(S0, 20). Then if T > 0, there exists C' > 0 so that

sup (s,2)] < = // (s, 2)|* dzds.
(S»Z)GQT/Q(SO:ZO) Q2r/3(s0, ZO)

The proof has two parts. First, we show that % < Alul, i.e. |u| is a subsolution of

the ordinary heat equation
9g

= _Ag=0. Al
B g=0 (A1)

Second, we use the “standard subsolution estimate” for (A.1) to conclude the proof. Let

the heat ball E(s, z;7) be

1 w2 1
E(s,z;r) = {(t,w) eERxC:t<sand 4—6“47‘5 > _}‘

mt —r?
If v(s,2) is a subsolution of (A.1) on a neighborhood of E(s,z;r), i.e. % — Av <0,

then the standard subsolution estimate for (A.1) is

v(s, z) < i// v(t w)dedt (A.2)
’ T dr? E(s,z;r) 7 t2 . ’
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A proof of this inequality can be found in [Eva00] (§2.3 Theorem 3, §2.5 Problem 14).

One result we will need is Kato’s inequality (Theorem X.33, [RS75]):

Proposition A.2 (Kato’s Inequality). Let f € L}, (C), (Xi+X3)f € L}, andsgn f =
i
;7. Then

Alf] = Re [sgn f (X7 + X35) f].

Proof of Lemma A.1. By computing %ﬁf, we first note that

% = Re (%sgnu).

Next, a short computation shows X7 + X3 = —40,, + 4V where V = }lTAp. Then by

Kato’s inequality;,

Alu| > Re [sgnu (X7 + X3)u] = Re [sgnu (—40,, + 417)14

e i) e e 2 = e (2,

ds
[u( // u(t, w) ]’ wl? dwdt.
47’2 527")

To finish the proof, observe that for some constant C', E(s, z;7) C Qcr(s, 2). The result

By (A.2),

is proved by combining this fact with Holder’s inequality and noting that

|4 4 4
// [w Z|ddt // ‘ddt // 1% i = .
E(szr) t_S E(0,0;7) E(0,0;1) t

under the change of variables w = ry and t = 2. O]
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